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PREFACE

This    document    contains    a    set    of
subroutines     that     provides     solu-
tions      for      problems      in      numeric
analysis.     These     subroutines     are
intended    for    the   applications   of
Users    who    provide   their   own    pro-

gramming.    The   use     of     these     sub-
routines      permits     a     more      rapid
analysis  and  development  of  the
appl i cati ons .
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ABOUT   THIS   CHAPTER

This     chapter     provides     general     information    about    OLINUM    and    a    brief
explanation   of   how  this   manual   is   organised.
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INTRODUCTI0N

WHAT   IS   0LINUM

The   M2g   Scientific   Subroutine   Library   OLINUM   provides   users   who   develop
their    own    application   programs   with   a   set   of   pre-written   mathemäticai
routines  which  can  easily  be   incorporated   into  their  work,   forming  single
program   units.   The   routines   described   in   this   volume   have   been   designed
to     solve    the    more    common    computational    problems    in    mathematics.    The
routines   are   free   of   input/output;   this   enables   one   or  more   routines  to
be  used   in  the  sequence  appropriate  to  the  computational   requirements
of  the  particular  application  program.

The   routines   are   written   in   BASIC  and  take  the  form  of  subroutines.   They
are  stored  on  a   user  floppy  disk;   each  routine   is   in  a  single  file  with  a
filename   composed   of   the   characters   sl   followed  by  a  mnemonic   related  to
the   computational   method   and   completed   with  a   full   stop.   The   routines  do
not   include   input   (or   output)   statements   but   operate   on   data   already  in
memory;   there   is   no   fixed   maximum  dimensioning  of  the   data  array  on  which
the  routines  operate.

HOW   T0   USE   0LINUM

1n   order  to  build  a   BASIC   program   incorporating  one   or  more   routines   from
OLINUM,    the    user    must    write   the   main    program   taking    into   account   the
following  points:

-  the  program  must  contain   input  and  output   statements  which  use  the  same

global   variables  as  the  routines

-   the   program   must   contain   the   necessary   DIM   and   DCL   statements   for   the

global  arrays

-   the  OLINUM  subroutine   is   referred   in  the  calling  statement   GOSUB
'address' ;   the  address  being  fixed  for  each  specified  subroutine

-   if   several    subroutines   are    incorporated    in   the   `same   program   each   of
them  must  be   called  by   it's  corresponding   GOSUB  statement

-  the    program   must   not   contain   any   line   number   which   is   used   for   the
subroutines

1NPUT   T0   0LINUM   SUBROUTINES

Before    calling   the   routine   the   user   must   store   the   data   on   which   the

1-1



routine   is   to   operate,   taking   into   account   that   data   may   be  in  the  form
of  single   numeric   variables  or   numerical  arrays  of  one   or  two  dimensions.

1n   the   case   of   single   numeric   variables,    they   can   be   used   as   function
parameters    and    the    user   must    select    the    address    of   the   function   and
provide  the  parameters  for  the  function  to  be  called  before  the  statement
for   calling    it    (GOSUB).    In   the    case   of    numeric   arrays   they   are   global
variables   for   the   program   and   the   subroutine   and   must   be   dimensioned   in
the   program,   declared   in   single   or  double  precision  as   required  and  have
the  same  name   in  the   function.

The   name   of   the   parameters   is  associated  with  the  name  of  the  subroutine
as   well   as   the    'local'    variables   of   which   it   makes   use,   so   that   there
will   be  no  confusion   with  those  used  for  calling  the  program.

OUTPUT   FROM   0LINUM   SUBROUTINES

The   results   of   a   routine   may   be   a   single   numeric   variable   (which  may  be

given   by   the   return   value   FUN.   of  the   function)   or  more  than  one   numeric
variable    or    array;     in    the    latter    case    the    results    will    be    global
variables  and  must  be  dimensioned  and  declared   in  the  program.

Care    must    be    exercised    in    choosing    the    names    of    application    program
variables.     1f    the    same    names    are    used    both   `for    application    program
variables   and   subroutine   internal   variables,    the   value   assigned   to   the
variables   in  the  application  program  will   be  changed  after  the  subroutine
calling  statement.

®

0

HOW  THIS   MANUAL   IS   0RGANISED

The   second    chapter   of   this   manual;    How   to   Begin,   describes   how   to   load
the   System   and   Application   disks   on   the   M20   and   how   to   incorporate   the
OLINUM   subroutines.   The   OLINUM  subroutines   are   then   described   in   9   separ-
ate    chapters,    each    chapter    corresponding    to   a   main   area   of   Numerical
analysis.    Within    each   chapter   each   subroutine   is   described   in   tabular
form  as   follows:

First  Table   (see   Fig   1-1):

-The  subroutine   title,   i.e.   SL ....

-A  brief  description  of  the  purpose  of  the  subroutine.

1-2 OLINUM    (NUMERICAL   ANALYSIS)    USER   6UIDE
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-The    input    parameters    listed    with    their    meanings    plus   their   values,
where   known.

-The    output    parameters   listed   with   their   meanings   plus   their   values,
where   known.   This  section   includes  the  possible   FUN.   values   returned  by
the  subroutine;   in  general   FUN.   =  0  signifies  a   correct  calculation  and
FUN.   =  an  integer  greater  than  0   signifies  an  error.     -

-The  program  variables  or  arrays   required  for  calculation,   if  any.

-   The   calling   statement   GOSUB   ....

-  A   cross-reference   to   the   Appendix   which   contains   the   method   used   to
calcul`ate  the  subroutine

-The  calling  statements  of  any  associated  subroutines.

This   first  table   is   followed  by  any  general   notes  which  are  of  importance
to  the  correct  utilisation  of  the  subroutine.



1NPUT

VARIABLE DESCRIPTI0N VALUE

ParameterlParameter2Parametern

OUTPUT

ParameterlParameter2Parametern

CALL]NG    SEQUENCE      GOSUB    ...

METHOD  See   Appendix    . .  .

CALLED    SUBROUTINES

Figure  1-1      Subroutine  Table

OLINUM    (NUMERICAL   ANALYSIS)    USER   GUIDE
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INTRODUCTI0N

The    second    table    describes    the    Test    Program    for    a   subroutine   and   is
laid-out  as   follows   (see   Fig  1-2)

-The  subroutine   title,   i.e.   SL   ....

-   The   Test   Program   name

-  Any  notes  considered   relevant  to  the  Test  Program

-  The  subroutine  title  or  titles   required  for  the  Merge

-  An    input   and   an   output   section   which   show   the   actual   data   input   and
output  during  the  Test  Program

The  Manual   is   concluded  by  two  Appendices;   the   first  containing  a   de-
scription  of  the  Methods  used  for  each  subroutine  and  the  second  contain-
ing  a  list  of  the  subroutines  with  their  related  Test  Programs

1-5



TEST   PROGRAM   FOR        SUBROUTINE   TITLE

Figure   1-2     Test   Program  Table

1-6
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AB0UT   THIS   CHAPTER

This   chapter   contains  an  explanation   of   how  to  start  the  Olinum  applica-
tion   package   on   the   M20   Computer   System.

CONTENTS

I NTRODUCT I 0N

POWER    ON

STARTING   THE   APPLICAT10N                   2-4

PACKAGE

USING   THE    TEST    PROGRAMS                        2-5
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HOW   T0   BEGIN

1NTRODUCT10N

The   instructions   which   follow   are   given   in   brief .   For   a   complete   discus-
sion    of   the   M20   f rom   an   operational   point   of   view   refer   to   the   Profes-
sional   Computer   Operating   System   PCOS   User   Guide   code   3930090   C

POWER   0N

Figure   2-1    0N/OFF   SWITCH

1)   Press   the   ON/OFF   switch   on   the   rear   of   the  machine   to   the   ON   position.
The   red   power-on-1ight   at   the   top   left   of   the   keyboard,    comes   on  and
the   following  appears   on   the   screen.

Bootstrap  Loader  F`ev.   1.0
lnsert  Disk  and  type  return

2-1



2.   Insert   the   System   Disk   (Figure   2-2)   into  the   right  hand  disk  drive  as
indicated  in  Figure  2-3.  Press  the  m  key.

Figure   2-2

0 PULL THE COVEF] OUTWARDS ©

Figure   2-3   Loading  a   Disk

LET IT FLAP OPEN

PRESS THE  DRIVE  COVER  DOWN
AND  LET  IT  FLAP CLOSED

OLINUM    (NUMERICAL   ANALYSIS)    USER   6
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OW   T0   BEGIN

The  screen   illustrated   in  Figure  2-4  appears:

LI  M20  System  Configuration
Total Memory size:         192  Kbytes
User Memory size:     55102 bytes
Disk  Drive(s) :                            2  ready

LI  M20   PCOS   Rev.   1.0
1

THE  CUFZSOF3

Figure  2-4  Start-up  Screen

The   numbers    which   appear    on   your   screen   may   be   slightly   different   from
those    shown    in    Figure   2-4.    This    depends    on   the   configuration   you   are
using  and  will   not  affect  the  running  of  your  application.   If  the  start-
up    procedure   does   not   go   as   planned   you   should   refer   to   the   "PCOS   User
Guide"   code   number   3930090   C,   Chapter   8   "TROUBLESH00TING".

a



STARTING  THE   APPLICATI0N   PACKAGE

When  the  System  disk  has  been   loaded  as  described   in  the  previous  section
the  Application  can  be  started  as   follows:

-   Enter   the  Command   New  and   Load   the  main   program

-  Enter  the  merge  command  for  the  first  called  subroutine  with  the
format;    Merge  <filename>  ,   where   filename   is   the   name   of   the   file   in
which   the   subroutine   is   stored   (i.e.   SL   .... )

-Enter  a  Merge  Command   for  each  of  the  other  subroutines  called,   if  any

-   The   program   plus   the   Merged   Subroutines  are   now   ready  to   run  and  maybe

listed  or  saved  as  any  other  program.

Example

For   this   example   the   test   program  for  the  subroutine  SLCONN.   will   be  the
application    program:    and    a    listing    is    provided    to    show   the   point   of
merging:

Load    "1  :    SLCONN

O.K.

MERGE    "1:     SLCONN.

0.K.

RUN.

10  0PTION  m5E   1   :   DEFOBL  A-Z   :   PI=3.14159265359»

20  lNPUT.EmER  "5El,BA5E2       .,81,82
m  lNpuT  .EmER  "TE6ER  mRT     .,N
40  AÄ=.Ba5e  '+5"Ä(B1}
50  PR"T
60 PR"T  Ü5"€  ]\              \Integer part       «.««»ü"»^M^.;AÄ,N
70  IWUT   .ENTER  FRA€TI0NAL  mRT     a,F

80 PR"T Ü5"G  `                 Fractioiial  part ##,ll"l"W"^".;F
90  PR"T
IOOPCO"l=N:P€0"2=F:P€ONN3=B1:PCONN41=12:PÜNN5stl
110  G05UB  30401 :F"CO"=F",
lz0  IF   ((Fü{ONN+l}(.5}   OR   ((FÜ«ONN+l}}   6  )   «T0140
130  0N  FümoNN+l  GOTO  140,200.220,240,260,280
140  flJl=.8age   `+5TRX{82)

150 PR"T ÜS"6.\             \Integer part       #I,"m"""M^^';A.¢,R
160  m"T  Ü5IN6  `                   FraetioTial  part  M,MIMI»«Ö"^^.;R2
170  PR"T
180  PR"T
190  €OTO  20

2oo  pR"T  `"TEGER  pmT  AN  lmEGER  }=o  omv.
210  GOTO  30

2-4 OLINUM    (NUMERICAL   ANALYSIS)    USER   6UE



220  PR"T   °Ö{=  FmcT10mL  PfflT{i  oNLya

230   f:OTO   70

240  PR"T   üBAiE  #U5T  BE  flN   "TEGER   }1'

250  «TO  ü
26Ü  PR"T   ÜERROR   IN   "TE6ER  0IGITS.

270  GOTO  30

!8o  pR"T   .ERROR  "  FmcTloNAL  olGITS.
29Ü   GOTO   70

30481  PI=3 ,14159265359#
30402  8.EX  5ÜBROUT"E

®
1t   is   also   possible   to   load   the   subroutines   and   then   specify   the   line
number   for  calling  a   particular  subroutine   in  the  application  program.

USING   THE   TEST   PROGRAMS

To   test   the   subroutines   the   OLINUM   disk   should   be    loaded   as   described
previously   and   "ba"   entered   via   the   keyboard.    If   a   printer   is  available
and    a    print-out    required    then    "ba    +    prt"    must    be    entered    via    the
keyboa rd .

The  test  program   is   called  by  entering;

load   "1:   test   program  name

and  the  subroutine   is  merged  with  the  test  program  by  entering

merge   "1:   subroutine   name.

If   the   merge   is   successful   then   O.K.    will   appear   on   the   screen   and   the
test   program   can   be   started   by   entering   RUN.   The   input   for   the   various
test  programs   is  described   in  the  tables  related  to  the  subroutines.

To   cancel   a   test   program   the  blue   [1=11=1  key  and   the  ||  key  must   be
depressed  simultaneously.

2-5
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AB0UT   THIS   CHAPTER

This     chapter     contains     subroutines     for    the    solution    of    problems    in
Combinatorial   Analysis.
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SLCONN.       Number   System

Conversion
3-1                  SLMULT.      Multinomial                          3-21
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COMBINATORIAL   ANALYSIS

NUMBER   SYSTEM   CONVERS10N
IiEiH

To  convert  an   integer  or  decimal   fraction   from  one  polynomial  base  to
another

1NPUT

VARIABLE DESCRIPT10N VALUE

PCONN1 Integer  part  of  number

PCONN3,   PCONN4   integers>1

PCONN2 decimal   fraction  part  of  number
PCONN3 conversion   from  base   PCONN3
PCONN4 to   base   PCONN4

OUTPUT

R integer  part  of  converted  number

¢   =   correct   calculation1=PCONNlotherthananinteger>¢2=PCONN2notintherangeg<PCONN1<13=PCONN3and/orPCONN4otherthanintegers>14=digitofPCONN1>PCONN35=digitofPCONN2>PCONN3

R2FUN. decimal  fraction  of  converted
number
Return  Status



CALLING   SEQUENCE      GOSUB    30401

METHOD   See   Appendix   A

CALLED   SUBROUTINES



TEST    PROGRAM   NAME:             SLCONN

MERGE:    SLCONN.

ENTER    BASE1,    BASE21¢,2

ENTER    INTEGER    PART   123

ENTER   FRACTI0NAL   PART    .258

ENTER    BASE1,BASE216,10

ENTER    INTEGER    PART   1¢605

ENTER   FRACT10NAL   PART    .2¢8¢7¢211

ENTER   FRACT10NAL   PART    .¢208¢70211

ENTER    BASE1,BASE2

BASE   10,    1NTEGER   PART   1.2300090

¢¢¢¢¢D+¢¢2
FRACTI0NAL   PART   2.58g¢¢¢¢¢go¢¢D
-¢¢1

BASE2,1NTEGER   PART   1.1110110¢0000+

¢¢6
FRACTI0NAL   PART   1.¢ggglogoog11D
-¢¢2

BASE   16    ,1NTEGER   PART   1.%050000

¢¢¢¢D+¢¢4
FRACT10NAL   PART   2.¢8070211¢¢O¢D

EZI
ERROR    IN   FRACTI0NAL   DIGITS

FRACTI0NAL   PART   2.08070211¢¢goD
-¢¢2
BASE   IO,1NTEGER   PART   3.57goooßIO

¢¢¢¢D+¢¢2
FRACT10NAL   PART   1.579996386963D

EEL



®
FACTORING  AMD   PRIME   NUMBER   GENERATI0N

To  determine   whether   or  not  a  given   integer   is  prime,   or  to  decompose
a  given  integer   into  its  prime  factors

INPUT

VARIABLE DESCRIPTION VALUE

PPRIM1 positive  integer
1   =  determine   whetherPPRIM2 determination  or  decomposition

of   PPRIM1 or   not   PPRIMl    isprime2=decomposePPRIM1intoitsp+imefactors

OUTPUT

11A(I1,2)FUN. number  of  prime  factors  if

J   =   1,2.  ..,11    if   PPRIM2

PPRIM2   =   2

two  dimensional   array  containing
each   prime   factor,   A(J,1)   and   its
corresponding  exponent,   A(J,2). =2¢=   PPRIMl    is   prime1=PPRIMlisnotprime.2=PPRIMlisnotapositiveinteger3=PPRIM2isotherthan1or2
None   if   PPRIM2   =   1

Return  Status

3-4 OLINUM    (NUMERICAL   ANALYSIS)    USER   6
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COMBINATORIAL   ANALYSIS

CALLING   SEQUENCE     60SUB   3¢6¢1

METHOD  See   Appendix   A

CALLED   SUBROUTINES

®



TEST   PROGRAM   FOR              SLPRIM.

TEST    PROGRAM   NAME:             SLPRIM

MERGE:    SLPRIM.

ENTER1     (PRIMES)    OR    2(FACTORS)1

ENTER    LIMITS    1,15

ENTER1     (PRIMES)    OR    2(FACTORS)    1

ENTER   LIMITS    23.5,    26

ENTE-R1     (PRIMES)    OR    2(FACTORS)    2

ENTER    INTEGER    180

ENTER1     (PRIMES)    OR    2(FACTORS)    2

ENTER    INTEGER    37

ENTER1     (PRIMES)    OR    2(FACTORS)

PRIME    NUMBERS    BETWEEN    I     AND    15

1    2   3   5   7   11    13

PRIME    NUMBERS    BETWEEN     23.5

AND   26

POSITIVE    INTEGERS   0NLY

PRIME    FACTORS   0F    18¢

180   =   2^2*3^2*5
PRIME    FACTORS    0F    37

37    1S   PRIME

OLINUM    ( MERICAL   ANALYSIS)    USER   GUIDE
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COMBI NATORIAL   ANALYSIS

®
GREATEST   COMMON   DENOMINATOR

AND  LowEST  cor.loN  MULTlpLE
11

.To   determine   the   Greatest   Common   Denominator   (G.C.D)   and   Lowest   Common

Multiple   (L.C.M)   of  two  positive   integers   Nl   and   N2.

INPUT

VARIABLE DESCRIPT10N VALUE

PEUCL1 positive   integers  whose  GCD
PEUCL2 and   LCD  are   to  be   found

OUTPUT

6 GCD   of   PEUCLl    and   PEUCL2

¢  =  correct  calculation1=PEUCLland/orPEUCL2notpositiveintegers

L LCD   of   PEUCLl    and   PEUCL2

FUN. Return  Status

CALL]NG   SEQUENCE      GOSUB    30801

METHOD   See   Appendix   A

CALLED   SUBROUTINES
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COMBINATORIAL   ANALYSIS

RAT10NAL   FRACT10N   CONVERSI0N

T0   CONTINUED   FRACT10N

To  convert  a  rational   fraction  into  a  "regular"  continued  fraction  i.e.
one  whose  successive   numerators  are  unity.

1NPUT

VARIABLE DESCRIPT10N VALUE

PRFC01 numerator  and  denominator  of
PRFC02 rational  fraction   (positive

integers)

OUTPUT

NPRFC01  (N)FUN. number  of  terms   of  continued

¢  =  correct  calculation1=PRFC01and/orPRFC02notpositiveinteger

fraction
First  term  and  successive
denominators  of  continued
fraction
Return  Status

CALL]NG   SEOUENCE     GOSUB    31¢91

METHODsee   Appendix   A

CALLED    SUBROUTINES

'Z:'.#p{ä,r.`;-tv#Z:m2=3%„x,

:.  ,?4



TEST   PROGRAM   FOR               SLRFCO.

TEST   PROGRAM   NAME:              SLRFCO

MERGE:    SLRFCO.

ENTER    A,B        151,119

ENTER   A,B       771928,999999

ENTER   A,B

REGULAR   CONTINUED    FRACT10N   0F

151 /119

b¢=1      bl=3     b2=1
b3=2     b4=1      b5=1
b6=4
REGULAR    CONTINUED    FRACT10N

OF   771928/999999
b¢=¢   bl=1    b2=3   b3=2   b4=1   b5=1    b6=1

¢=3   bll=1    bl2=1   bl3=1    bl4=1    bl5=1

1NUM    (NUMERICAL   ANALYSIS)    USER   GUIDE
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COMBINATORIAL   ANALYSIS

QÜADRATIC   SURD   C0lwERSI0N
CONTINUED   FRACTI0N

®

®

+J

To  convert  a  quadratic  surd  into  a  "regular"  continued  fraction  i.e.
one  whose   successive  numerators  are  unity

1NPUT

VARIABLE DESCRIPTI0N VALUE

PSUC01PSUC02 positive   integer,   PSUC01   or
quadratic  surd
number  of  terms  of  continued
fraction  to  be  calculated

OUTPUT

B(PSUC02)FUN. successive  terms  of  continued

¢  =  correct  calculation1=PSUC01and/orPSUC02otherthanpositiveintegers2=SUC01notaquadraticsurdPSUC01isreturnedin8(1)

fraction
Return  Status

CALL]NG   SEQUENCE      60SUB    312¢1

METHOD   See   Appendix   A

CALLED   SUBROUTINES



TEST    PROGRAM   FOR SLSUCO.

TEST    PROGRAM   NAME:              SLSUCO

MERGE:   SLSUCO.

ENTER    SURD    ^2    3

ENTER    NUMBER    0F    TERMS    5

ENTER    SURD    ^2    2

ENTER    NUMBER    0F    TERMS    5

ENTER    SURD    ^2    3

ENTER    NUMBER    0F    TERMS     .5

ENTER    SURD    ^2

REGULAR    CONTINUED    FRACT10N    0F    3    ^5

b¢=1    bl=1    b2=2   b3=1    b4=2

REGULAR    CONTINUED    FRACTI0N    0F   2^    5

b¢=1   bl=2   b2=2   b3=2   b4=2

POSITIVE    INTEGERS   0NLY

®



COMBINATORIAL   ANALYSIS

CONVERGENTS   0F   A   CONTINUED   FRACTI0N

To  calculate  the  successive  convergents  of  a  continued  f raction

1NPUT

VARIABLE DESCRIPT10N VALUE

PCFC01PCFC02 To  calculate  the  first  convergent,
PCFC01   is  the  first  term  of  the
continued   fraction,   bo.   OtherwisePCFC01=-1

numerator  and  denominator  of
PCFC03 successive  terms  of  the  continued

fraction

OUTPUT

P2 , Q2FUN. numerator  and  denominator  of  the

0  =  correct  calculation
successive  convergents
Return   Status



CALCULATION   PO,    P1,    QO,    Q1

CALLING   SEOUENCE      GOSUB    31401

METHOD   See   Appendix   A

CALLED    SUBROUTINES



COMBI NATORIAL   ANALYSIS

TEST   PROGRAM   FOR               SLCFCO.

TEST    PROGRAM   NAME:              SLCFCO

MERGE:   SLCFCO.

ENTER   bo

ENTER   al    b ' 45 ,1

ENTER   a2   b2      .45,-2

ENTER   a3   b3       .45,3

ENTER   bo

®

b¢=1

al=.45   bl=1
CONVERGENT1 =1. 45/1 =1. 45

a2=.45   b2=-2
CONVERGENT2=2 . 45/-1. 55=1. 58¢64

516129¢32

a3=.45   b3=3
CONVERGENT3=-6 . 6975/-4 . 2=1 . 59464

285714286



lNPUT

VARIABLE DESCRIPT10N VALUE

PFACT1PFACT2 non-negative  or  positive  integer

1   =   to   calculatePFACT1!2=tocalculate   LnPFACT1!
depending   on   PFACT2
switch  variable

OUTPUT

N1FUN. value   of   PFACT!    or    Ln   PFACT1  !

9  =  correct  calculation1=forPFACT2=1,PFACTlotherthananon-negativ.eintegerlessthan171forPFACT2=2,PFACTlotherthanapositiveinteger2=PFACT2otherthan1or2

depending  upon  the   value   of
PFACT2

Return   Status



COMBINATORIAL   ANALYSIS

CALLING   SEQUENCE               GOSU8   316¢1

METHOD  See   Appendix   A

CALLED   SUBROUTINES
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COMBINATORIAL

BINOMIAL   COEFFICIENTS

To  generate  the  binomial   coefficients    (:)

INPUT

VARIABLE DESCRIPTION VALUE

PBIN01PBIN02 Parameters   of    (n)For¢<PBIN02<FBIN01   a   single

coefficient  is  calculated

:;:t::;::::::I1;,:!:,:;::;::#:;e
coefficients  from  lNT   (n/2)+1   to
n  are  given  by  the  relation
(n,   =    ,   n    ,rn-r

OUTPUT

8 for   ¢<PBIN02<PBiNoi,   B=(n)

0  =   correct   calculation1=PBIN01and/orPBIN02notintegers2>¢(PBIN02=-lexclu-ded)2=PBIN02>PBIN01

8()FUN. for  PBIN02=-1,  8()  contain5  the::;',:,,t,..:::f,ii,,i::t:s!:iäi:;rorderofr

Return  Status

CALL]NG    SEQUENCE       GOSUB    31801

METHOD   See   Appendix   A

CALLED    SUBROUTINES



TEST   PROGRAM   FOR               SLBINO.

TEST    PROGRAM   NAME:              SLBINO

MERGE:    SLBINO.

enter
enter
enter
enter

enter  n,r

n=5    r=2   BIN.COEFF=1¢

n=5    r=3   BIN.COEFF=1¢

n=6    r=2   BIN.COEFF=15

BIN . COEFF ( n=15 )

1

15

105

455
1365

3003
5005
6435

3-20
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MULTINOMIAL   COEFFICIENTS

®

®

To  generate  the  general   multinomial   coefficient   (n;   n].   n2...ns)

1NPUT

VARIABLE DESCRIPT10N VALUE

PMULT1N(PMULT1  )

:::::: ::  :::::::  ni.  n2...ns

OUTPUT

M Multinomial   coefficient

¢  =  correct  calculation1=numberoffactorsnotapositiveinteger
N2. Sum  of  factors

FUN. Return  Status

CALL]NG    SEQUENCE       GOSUB   320¢1

METHOD  See   Appendix   A

CALLED   SUBROUTINES

3-21



TEST   PROGRAM   FOR               SLMULT.

TEST    PROGRAM   NAME:              SLMULT

MERGE:    SLMULT.

enter  number  of  factors
enter  factor  1          ?
enter  factor  2         7
enter  factor  3         ?
enter  factor  4         ?
enter  factor  5         ?
enter  factor  6         ?

enter  number  of  factors?

number  of   factors  6
nl    =   18

n2   =   11

n3=6
n4=3
n5=2
n6=2

n=42
multinomial   coeff .   =   3.18154257
170193D+23

OLINUM    (NUMER lcAL   ANALYSIS)    USER   GUIDE
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®

PR0BABILITY  0F   DUPLICATloN   IN  A
61VEN   UNIVERSE

:°w:::L::t:d:::±:::b::::±::s:g:tt::tt::  ::::tc:::e:::Te:::n°:h:r:e:re
n  possible   choices  for  each  element

1NPUT

VARIABLE DESCRIPTloN VALUE

PDUPL1PDUPL2 number  of  possible  choices   for
each   element   (N)
number  of  elements   in  the  set

OUTPUT

P ( PDUPL1  )PFUN. probability  of  duplication  for
PDUPL2   =   -1PDUPL2=1,2, .  .  .PDUPL1K   =   1,    2...PDUPL1

probability  of  duplication  for  a
given   PDUPL2
Return  Status 0   =   correct   calculation1=PDUPL1,PDUPL2notpositiveintegers(PDUPL1=-1excluded)withPDUPL1>PDUPL2

CALL]NG    SEQUENCE      GOSUB    322¢1

METHOD  See   Appendix   A

CALLED    SUBROUTINES



TEST   PR06RAM   FOR              SLDUPL.

TEST   PROGRAM   NAME:             SLDUPL

MERGE:    SLDUPL.

ENTER   in,k       ?    365,    20

ENTER   n,k      ?   365,    1¢¢

ENTER   n,`k       ?    10,    -1

ENTER   n,k     ?

n   =   365   K   =   2¢

:k==3;:.Tk4=8;§;58"
=   .999999692751072

n'`=   1¢   k

k
1

2

Pk

3.28
4                .496
5                . 6976
6                 . 8488
7                 .93952
8                  .981856
9                 .9963712

10                  .99963712

3-24 OLINUM NUMERICAL ANALYSIS)    USER   GUIDE
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4.  ELEMENTARY  FUNCTIONS
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AB0UT   THIS   CHAPTER

This      chapter      contains     subroutines      for     the     solution     of     Elementary
Functions.

CONTENTS

SLATN2.      Arctangent   of   a                 4-1
Ratio

SLCONV.       Reduction   of   an                 4-3

Angle   to  the   First
Quadrant

SLRPCC.      Rectangular   to                   4-5
Polar   Coordinates
Conversion

SLPRCC.      Polar   to   Rectan-              4-7

gular   Coordinates
Conversion
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ELEMENTARY   FÜNCTI0NS

ARCTANGENT   0F   A   RAT10

e

®

0

__
To  compute   the  arctangent  of  a   ratio,   y/x  of  two   real   numbers   in  the
range    (-7T,7T)

1NPUT

VARIABLE DESCRIPT10N VALUE

PATN   21 Denomi nator
PATN   22 Numerator

OUTPUT

FUN. The   arctangent   of   PATN22/PATN21

CALL]NG    SEQUENCE      GOSUB    32401

METHOD

CALLED    SUBROUTINES



TEST   PROGRAM   FOR               SLATN2. ®

0



ELEMENTARY   FUNCTI0NS

REDUCT10N   0F   AN   ANGLE

TO  -THE   FIRST   QUAI)RANT
T-

To   reduce   an   angle   (measured   in   radians)   to   the   range   (-7T  , 7T  )

1NPUT

VARIABLE DESCRIPTI0N VALUE

PCONV1 angle   in   radians

OUTPUT

FUN. The   resultant  value  of  the  angle

CALL]NG    SEQUENCE     GOSUB    326¢1

METHOD

CALLED   SUBFiouTINES



TEST   PR06RAM   FOR              SLC0lw.

TEST    PROGRAM   NAME:              SLCONV

MERGE:    SLCONV.

angle                     transformed  angle
ENTER    ANGLE

ENTER   ANGLE

ENTER    ANGLE

ENTER    ANGLE

ENTER   ANGLE

ENTER   ANGLE

(radians)   1
(radians)   2
(radians)   3
(radians)   4
(radians)   -3.1415927
(radians)?

1

2
3
4

1

2
3
-2 . 2831853¢718

-3.1415927                         3.14159260718

4-4 OLINUM    (NUMERICAL   ANALYSIS)    USER    6UIDE

®

®

®



ELEMENTARY   FUNCTI0NS

RECTANGULAR   T0   POLAR   C00RDINATES

CONVERS10N
_+

To   convert  a   complex   number   f rom   rectangular  to   polar   coordinates

1NPUT

VARIABLE DESCRIPTION VALUE

PRPCC1 real   part   of  the   complex  number
PRPCC2 imaginary   part   of  the   complex

number

OUTPUT

P modulus
-7r  =  Q  <   7'Q Phase

FUN. Return  Status ¢  =  correct  calculation

CALL]NG   SEQUENCE              GOSU8    328¢1

METHODsee   Appendix   A

CALLED    SUBROUTINES
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TEST   PROGRAM   FOR               SLRPCC.

TEST    PROGRAM   NAME:             SLRPCC

MERGE:   SLRPCC.

ENTER   x+iy   As   x,y      -1,    -1

ENTER   x+iy   As   x,y      1,    0

ENTER   x+iy   As   x,y   ¢,    -1¢0

ENTER   x+iy   As   x,y

x=-1      y=-1
modulus   =   1.41421353816986

phase   =   2.35619446833686
x=1    y=¢
modulus   =   1   phase   =   0
x   =   ¢   y  =  -1¢¢
modulus   =   1¢¢

phase   =   -1.570796326795

0



ELEMENTARY   FUNCTloNS

POLAR   T0   RECTANGULAR   C00RDINATES

CONVERS10N
_=

To  convert  a  complex  number   from  polar  to   rectangular   coordinates

1NPUT

VARIABLE DESCRIPTION VALUE

PPRCC1 modulus   o,f   the   complex   number
PPRCC2 phase   of  .the   complex   number

OUTPUT

P1 real   part  of  the  complex  number

¢  =  correct  calculation1=negativemodulus

P2FUN. imaginary  part  of  the   complex
number
Return  Status

CALL]NG    SEOUENCE     GOSUB    33001

METHODsee   Appendix   A

CALLED   SUBROUTINES

4-7
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AB0UT   THIS   CHAPTER

This   chapter   contains   subroutines   for   the   solution   of  Complex   Elementary
Functions.

CONTENTS

SLCSIN.       Sine   of   a   Complex
Number

5-1                  SLCZDZ.       Division   of   Two

Complex   Numbers

SLCCOS.      Cosine   of   a   Complex      5-3                 SLCSQR.      Square   Root   of   a
Number

SLCTAN.      Tangent   of   a

Complex   Number

SLCASN.       Arcsine   of   a
Complex   Number

SLCACS.      Arcosine   of   a

Complex   Number

SLCATN.      Arctangent   of   a
Complex   Number

Complex   Number

5-22

5-25

5-5                SLCZN.      Integral   Power   of   a     5-27

::#p:::u::::::,
5-7

SLCZA.       Real   Power   of   a
Complex   Number

5-9

5-11

SLCLN.      Natural   Logarithm   of      5-13
a   Complex   Number

SLCEXP.      Exponential   of   a
Complex   Number

SLCRZ.      Reciprocal   of   a
Complex   Number

SLCZMZ.      Multiplication   of

Two   Complex   Numbers

5-15

5-17

5-19

5-29
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ELEMENTARY   FIINCTI0NS   (COMPLEX)

SINE   0F   A   COMPLEX   NUMBER

® ++++

To  compute  the   sine  of  a   complex  number,   expressed  either   in   rectangular
or  polar  coordinates.   The  result   is  a   complex  number  expressed   in  the
same   coordinates  as  the  argument

1NPUT

VARIABLE DESCRIPTI0N VALUE

PCSIN1PCSIN2PCSIN3 type  of  coordinates ¢  =   rectangular1=polar

real   part   of   number   if   PCSIN1   =  0
modulus   if   PCSIN1    =   1
imaginary  part  of  number   if
PCSIN1    =   ¢

phase   if   PCSIN1   =   1

OUTPUT

PQFUN. real   part  of   sine   if  PCSIN1   =  ¢

0  =  correct  calculation1=negativemodulus2=valueofPCSIN1isotherthan¢or1

modulus   if   PCSIN1    =   1

imaginary  part   of   sine   if  PCSIN1
=¢

phase   if   PCSIN1    =   1
Return  Status

CALL]NG    SEOUENCE     GOSUB    33201

METHOD  See   Appendix   A

CALLED    SUBROUTINES        GOSUB    32401
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TEST   PROGRAM   FOR               SLCSIN.
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ELEMENTARY   FllNCTI0NS   (COMPLEX)

COSINE   0F   A   COMPLEX   NUMBER
L

To   compute   the   cosine   of  a   complex  number;   both  the  argument  and  the
results  can  be  expressed  either  in  rectangular  or  polar  coordinates

1NPUT

VARIABLE DESCRIPT10N VALUE

PCCOS1 type  of  coordinate ¢  =   rectangular1=polar

PCCOS2PCCOS3 real   part   of   number   if  PCCOS1   =  ¢
modulus   if   PCCOS   =   1

imaginary  part  of  number   if
PCCOS1    =   ¢

phase    if   PCCOS1    =   1

OUTPUT

PQFUN. real   part   of  cosine   if  PCCOS1   =  0

¢  =  correct   calculation1=moduluslessthan¢2=PCCoslotherthan0or1

modulus   if   PCCOS1    =   1

imaginary  part  of  cosine   if
PCCOS1    =   ¢

phase   if   PCCOS1    =   1
Return   Status

CALL]NG    SEQUENCE     GOSUB    334¢1

METHOD  See   Appendix   A

CALLED    SUBROUTINES        GOSUB    324¢1



TEST   PROGRAM   FOR               SLCCOS.

TEST    PROGRAM   NAME:              SLCCOS

MERGE:   SLCCOS.

ENTER   0   (rectangular)   or   1

(polar)   0
ENTRY   x+iy   As   x,y   0¢

ENTER   0   (rectangular)   or   1
(polar)   1
ENTER   modulus,    phase   1,1

ENTER   0   (rectangular)   or   1    (polar)

real  part
z               ¢. 00¢000
cosz        1.00000¢

modulus
z                 1.Ogogoßgg
cosz        1.275615572

9294

imaginary  part
¢ . ¢¢¢¢¢
0 . 00000

phase
1 . ¢00¢000
-. 39¢67

40248203

OLINUM    (NUMERICAL   ANALYSIS)    USER   GUIDE
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TAN6ENT   0F   A   COMPLEX   NUMBER
-

To   compute   the   tangent  of  a   complex   number;   both   the  argument  and   the
results  can  be  expressed   in   rectangular  oF  polar  coordinates

1NPUT

VARIABLE DESCRIPTI0N VALUE

PCTAN1PCTAN2PCTAN3 type  of  coordinates ¢  =   rectangular1=polar

real   part   of   number   if   PCTAN1   =  9
modulus   if   PCTAN1    =   1

imaginary  part  of   number   if
PCTAN1    =   ¢

phase   if   PCTAN1    =   1

OUTPUT

PQFUN. real   part  of  tangent   if  PCTAN1   =

0  =  correct   calculation1=moduluslessthan02=PCTANlotherthan0or1

modulus    if   PCTAN1    =   1

imaginary  part  of  tangent  if
PCTAN1    =   ¢

phase   if   PCTAN1    =   1
Return  Status

CALL]NG    SEQUENCE      GOSUB    336¢1

METHOD  See   Appendix   A

CALLED   SUBROUTINES         GOSUB   32401



TEST   PR06RAM   FOR               SLCTAN.

TEST    PROGRAM   NAME:             SLCTAN

MERGE:   SLCTAN.

ENTER   ¢   (rectangular)   or   1

(polar)   0
ENTER   x+iy   As   x,y   1,    0

ENTER   0   (rectangular)   or   1
(polar)   1
ENTER   modulus,    phase   1,    ¢

Z

tanz

Z

tanz

real   part         imaginary  part
1.¢¢¢¢¢¢             ¢.¢¢¢¢¢¢
1.557407             0.00¢000

4957895

modulus                          phase
1.00¢000                        ß.googoo.
1.557407                        0.0¢0¢00

4983597

OLINUM    (NUMERICAL   ANALYSIS)    USER    GUIDE
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®

ELEMENTARY   FUNCTI0NS   (COMPLEX)

ARCSINE   0F   A   COMPLEX   NUMBER
=

To  compute   the  arcsine   of  a   complex  number  expressed   in  either  polar
or  rectangular  coordinates.   The  results  are  expressed   in  the  same
coordinates  as  the  argument

1NPUT

VARIABLE DESCRIPT10N VALUE

PCASN1 type  of  coordinates 0  =   rectangular1=polar

PCASN2PCASN3 real   part   of   number   if   PCASN1   =  0
modulus   if   PCASN1    =   1

imaginary  part  of  number   if
PCASN1    =   ¢

phase   if   PCASN1    =   1

OUTPUT

P0FUN. real   part   of  arcsine   if  PCASN1   =  0

¢  =  correct   calculation1=moduluslessthan¢2=PCASNlotherthan¢or1

modulus   if   PCASN1    =   1

imaginary  part  of  arcsine   if
PCASN1    =   ¢

phase   if   PCASN1    =   1
Return  Status

CALL]NG    SEQUENCE      GOSUB    33801

METHOD  See   Appendix   A

CALLED    SUBROUTINES         GOSUB    324ß1



TEST   PROGRAM   FOR               SLCASN.

TEST    PROGRAM   NAME:             SLCASN

MERGE:   SLCASN.

ENTER   0   (rectangular)   or   1
(polar)   0
ENTER   x+iy   As   x,y   .5,    ¢

ENTER   0   (rectangular)   or   1
(polar)   0
ENTER   x+iy   As   x,y   ¢,1.175201193
643¢

ENTER   0   (rectangular)   or   1

(polar)   1
ENTER   modulus,   phase   .5,   0

real  part         imaginary  part
z                  . 5¢¢¢¢¢¢          ¢.¢¢¢¢¢¢
arcsinz   .5235987          0.00000¢

901688

real  part       imaginary  part
z                   0.¢00000           1.17520119

3643¢
arcsinz  o.ggooog          .9999999

4¢3954

modulus            phase
z                  . 5¢¢¢¢¢¢          ¢. ¢¢¢¢¢¢
arcsinz   .52359879        ¢.¢0¢¢00

01688

u
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ELEMENTARY   FUNCTI0NS   (COMPLEX)

ARCCOSINE   0F   A   COMPLEX   NUMBER
__

To  compute  the  arcosine  of  a  complex  number   expressed   in  either  polar
or  rectangular  coordinates.   The  results  are  expressed   in  the  same
coordinates  as  the  argument

1NPUT

VARIABLE DESCRIPTION VALUE

PCACS1 type  of  coordinates 0  =  rectangular1=polar

PCACS2PCACS3 real   part   of   number   if   PCACS1   =  ¢
modulus   if   PCACS1   =   1

imaginary  part  of  number   if
PCACS1    =   ¢

phase   if   PCACS1    =   1

OUTPUT

PQFUN. real   part   of  arcosine   if  PCACS1

0  =  correct   calculation1=moduluslessthan¢2=PCACslotherthan0or1

=¢'
modulus   if   PCACS1   =   1

imaginary  part  of  arcosine   if
PCACS1    =   ¢

phase   if   PCACS1   =   1
Return  Status

CALL]NG    SEQUENCE      GOSUB    34001

METHOD  See   Appendix   A

CALLED    SUBROUTINES         GOSUB    324¢1

:T--===== -------------------------- =-=:-::m       -    -:=::-:



TEST   PROGRAM   FOR               SLCACS.

TEST   PROGRAM   NAME:              SLCACS

MERGE:    SLCACS.

ENTER   0   (rectangular)   or   1
(polar)   0
ENTER   x+iy   As   x,y   1,    0

ENTER   ¢   (rectangular)   or   1
(polar)   1
ENTER   modulus,    phase    .7,   ¢

real  part
z                  1.0¢¢00¢
arccosz   ¢.¢¢¢¢¢¢

modulus
z                  . 7090¢0¢
arccosz   .79539889

¢9721

imaginary  part
¢ . ¢¢¢¢¢¢
¢.¢¢¢¢¢¢

phase
0 . 000000
-. ¢¢¢3¢

69079539

OLINUM    (NUMERICAL   ANALYSIS)    USER    GUIDE
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ELEMENTARY FUNCTI0N (COMPLEX)

ARCTANGENT   0F   A   COMPLEX   NUMBER

®
To  compute  the  arctangent  of  a   complex  number  expressed   in  either  polar
or  rectangular  coordinates.   The  results  are  expressed   in  the  same
coordinates  as  the  argument

INPUT

VARIABLE DESCRIPT10N VALUE

PCATN1PCATN2PCATN3 type  of  coordinate 0  =   rectangular1=polar

real   part   of   number   if   PCATN1   =  0
modulus   if   PCATN1    =   1

imaginary  part  of   number   if
PCATN1    =   ¢

phase   if   PCATN1    =   1

OUTPUT

PQFUN. real  part  of  arctangent  if

¢  =  correct  calculation1=moduluslessthan02=PCATNlotherthan1or023=z=-1

PCATN1    =   ¢

modulus   if   PCATN1    =   1

imaginary  part  of  arctangent  if
PCATN1    =   ¢

phase   if   PCATN1    =   1
Return  Status

CALL]NG   SEOUENCE      GOSUB    342¢1

METHOD  See   Appendix

CALLED   SUBROUTINES         GOSUB   32401



TEST   PROGRAM   FOR               SLCATN.

TEST    PROGRAM   NAME:              SLCATN

MERGE:    SLCATN.

ENTER   0   (rectangular)   or   1
(polar)   0
ENTER   x+iy   As   x,y   1.5574077246
570,   0

ENTER   ¢   (rectangular)   or   1

(polar)   1
ENTER   modulus,    phase   1,    ¢

ENTER   0   (rectangular)   or   1
(polar)   1
ENTER   modulus,    phase   1,1.57¢796

326795¢

real   part       imaginary  part
z                  1.5574¢7          0.00000¢0

7246570
arctanz  l.¢¢¢¢¢            ¢.¢¢¢¢¢¢¢

00158934

modulus             phase
z                  1.¢¢¢¢¢¢¢        ¢.¢¢¢¢¢¢
arctanz      .7853981        0.000000

256485

modulus             phase
z                   1.0¢0¢¢¢¢        1.57¢79632

67950

z*2  other  than  -1   only

OLINUM    (NUMERICAL   ANALYSIS)    üSER   GUIDE
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®

E`LEMENTARY   FUNCTI0NS    {COMP

NATURAL   L06ARITHM   0F   A   COMPLEX   NUMBER

•+   tuHLEi

To  compute   the   natural   1ogarithm  of  a   complex  number;   both   the  argument
and  the  results  can  be  expressed  either  in  rectangular  or  in  polar
coordinates

INPUT

VARIABLE DESCRIPTI0N VALUE

PCLN1PCLN2PCLN3 type  of  coordinates 0  =  rectangular1=polar

real   part   of   number   if   PCLN1   =  0
modulus   if   PCLN1    =   1

imaginary  part  of  number   if
PCLN1    =   ¢

phase   if   PCLN1   =   1

OUTPUT

PQFUN. real   part  of   logarithm   if  PCLN1

ß  =  correct   calculation1=moduluslessthanorequaltozero2=PCLNlotherthan0or1

=¢
modulus   if   PCLN1    =   1

imaginary  part  of  logarithm   if
PCLN1    =   ¢

phase   if   PCLN1   =   1
Return  Status

CALL]NG   SEQUENCE      GOSUB    34401

METHOD   See   Appendix   A

CALLED   SUBROUTINES         GOSU8   32401
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TEST   PROGRAM   FOR               SLCLN.

TEST    PROGRAM   NAME:              SLCLN

MERGE:    SLCLN.

ENTER   0   (rectangular   or   1

(polar)   0
ENTER   x+iy   As   x,y   1,    0

ENTER   ¢   (rectangular)   or   1
(polar)   0
ENTER   x+iy   As   x,y   ¢,    0

ENTER   0   (rectangular)   or   1

(polar)   1
ENTER   modulus,    phase   ¢,    ¢

ENTER   0   (rectangular)   or   1
(polar)   1
ENTER   modulus,    phase?   1,    0

real  part       imaginary  part
z                  1.¢¢¢¢¢¢          ¢.¢¢¢¢¢¢¢
1nz             ¢.¢¢¢¢¢¢¢        ¢.¢¢¢¢¢¢¢

real  part       imaginary  part
z                  ¢. ¢¢¢¢¢¢          ¢. ¢¢¢¢¢¢¢
modulus>¢   only

modulus             phase
z                 ¢. ¢¢¢¢'¢          ¢.¢¢¢¢¢¢¢
modulus>¢  only

modulus             phase
z                  1.¢¢¢¢¢¢¢        ¢.¢,¢¢¢¢¢
1nz             ¢.¢¢¢¢¢¢¢        ¢.¢¢¢¢¢¢

®

®

®



®

LEMENTARY   FUNCTI0NS   (COMPLEX)

EXPONENTIAL   0F   A   COMPLEX   NUMBER

To   compute   the   exponential   of  a   complex  number;   both   the  argument  and
the  results  can  be  expressed   in  rectangular  or  polar  coordinates

1NPUT

VARIABLE DESCRIPT10N VALUE

PCEXP1PCEXP2PCEXP3 types  of  coordinates ¢  =   rectangular1=polar

real   part   of   number   if   PCEXP1   =  0
modulus   if   PCEXP1    =   1

imaginary   part   of   number
PCEXP1    =   ¢

phase   if   PCEXP1    =   1

OUTPUT

PQFUN. real  part  of  exponential   if

¢  =  correct   calculation1=moduluslessthan¢2=PCEXplotherthan0or1

PCEXP1    =   ¢

modulus   if   PCEXP1    =   1

imaginary  part  of  exponential   if
PCEXP1    =   ¢

phase   if   PCEXP1    =   1
Return  Status

CALL]NG    SEQUENCE    GOSUB    346¢1

METHOD    See   Appendix   A

CALLED   SUBROUTINES      GOSUB    32601



TEST   PROGRAM   FOR               SLCEXP.

TEST   PROGRAM   NAME:             SLCEXP

MERGE:   SLCEXP.

ENTER   0   (rectangular)   or   1
(polar)   ¢
ENTER   x+iy   As   x,y   1,    0

ENTER   0   (rectangular)   or   1
(polar)   1
ENTER   modulus,    phase   1,    0

real  part       imaginary  part
z                  1.¢0¢00¢0        0.¢0¢000¢
expz           2.71828174     ß.O¢gooo¢

591%

modulus             phase
z                  1.00¢ßgooo     0.¢¢00¢¢00
expz           2.7182174        0.0¢0¢¢000

59106

5-16 OLINUM    (NUMERICAL   ANALYSIS)    USER    GUIDE
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ELEMENTARY   FUNCTI0NS    (COMPLEX)

RECIPROCAL   0F   A   COMPLEX   NUMBER
® -=

To   compute   the   reciprocal   of  a   complex   number;   both   the  argument  and
the  results  can  be  expressed  either  in  rectangular  or  polar  coordinates

lNPUT

VARIABLE DESCRIPT10N VALUE

PCRZ1PCRZ2PCRZ3 type  of  coordinates 0  =   rectangular1=polar

real   part   of   number   if  PCRZ1   =  0
modulus   if   PCRZ1   =   1

imaginary  part  of  number   if
PCFtz1    =   ¢

phase   if   PCRZ1   =   1

OUTPUT

PQFUN. real   part  of   reciprocal   if  PCRZ1

0  =  correct  calculation1=moduluslessthan¢2=PCRzlotherthan¢or1

=¢
modulus   if   PCRZ1    =   1

imaginary  part  of  reciprocal   if
PCRZ1    =   ¢

Return  Status

CALL]NG   SEQUENCE    GOSUB    34801

METHODsee   Appendix   A

CALLED   SUBROUTINES       GOSUB   32601



TEST   PROGRAM   FOR               SLCRZ.

TEST    PROGRAM   NAME:              SLCRZ

MERGE:    SLCRZ.

ENTER   0   (rectangular)   or   1
(polar)   ß
ENTER   x+iy   As   x,y   0,    5

ENTER   0   (rectangular)   or   1

(polar)   1
ENTER   modulus,    phase   1,    2

real  part
z                  ¢. ¢¢¢¢¢¢¢
l l z          ¢.UßUSßß

modulus
z                    1.Ogggoßg
1/z             1.0000000

imaginary  part
5 . ¢¢¢¢¢¢¢¢
-. 2¢¢¢¢¢¢¢

phase
2 . ¢¢¢¢¢¢¢

-2 . O¢gggoß

OLINUM    (NUMERICAL   ANALYSIS)    USER   6UIDE
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ELEMENTARY   FUNCTI0NS   (COMPLEX}

MULTIPLICATI0N   0F   TW0   COMPLEX  NUMBERS
____

To   compute   the   product   of  two  complex  numbers,   both  the  argument  and
the  results  can  be  expressed  either   in  rectangular  or  polar  coordinates

®

C

1NPUT

VARIABLE DESCRIPTION VALUE

PCMZ5PCMZ1PCMZ2PCMZ3PCMZ4 type  of  coordinates ¢  =   rectangular1=polar

real   part  of   first   number   if  PCMZ5
=¢

modulus   of   first   number   if   PCMZ5
=1

imaginary  part  of  first  number   if
PCMZ5   =   ¢

phase   of   first   number   if   PCMZ5   =  1
real   part   of  second   number   if
PCMZ5    =   ¢

modulus   of   second   number   if
PCMZ5    =   1

imaginary  part  of   second  number
if   PCMZ5   =   0

phase   of   second   number   if   PCMZ5
=1
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ELEMENTARY   FUNCTI0NS    (COMPLEX)

TEST   PROGRAM   FOR               SLCZMZ.

TEST    PROGRAM   NAME:              SLCZMZ

C

®

®

MERGE:   SLCZMZ.

ENTER   0   (rectangular)   or
(polar)   ¢
ENTER   x+iy

ENTER   x+iy

ENTER   0   (rectangular)   or   1
(polar)   1
ENTER   modulus,    phase   for   zl    ?   3,    6
ENTER   modulus,   phase   for   z2   ?   2,    3

real   part       imaginary  part
zl22
z2                     1                                -4
zlxz2        1.¢¢¢¢¢¢          -6.¢¢¢¢¢¢¢¢

¢¢¢¢¢¢D+¢¢1      ¢¢¢¢D+¢¢¢

modulus             phase
zl36
z223
zl*z2        6.0000000           2.716814692

¢¢¢¢¢¢D+¢¢¢     82¢D+¢¢¢
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DIVISI0N   0F   TW0   COMPLEX   NUMBERS
11

To   compute    the    ratio   of   two   complex   numbers;    both   the   argument   and   the
results   can  be  expressed  either   in  rectangular.or  polar  coordinates

INPUT

VARIABLE DESCRIPTI0N VALUE

PCZDZ5PCZDZ1PCZDZ2PCZDZ3PCZDZ4 type  of  coordinatesrealpartofZ,if PCZDZ5  =  ¢ 0   =   rectangular1=polarZ,=PCZDZ1+i   PCZDZ2Z2=PCZDZ3+iPCZDZ4

modulus   of    Z,   if   PCZDZ5   =  1

imaginary   part   of   Z,    if   PCZDZ5  =   0

phase   of    Z,   if   PCZDZ5   =   1

real   part   of   Z2   if   PCZDZ5   =   0
modulus   of    Z2   if   PCZDZ5   =   1

imaginary   part   of   Z2  if   PCZDZ5   =   0

phase   of   Z2   if   PCZDZ5   =   1

OLINUM    (NUMERICAL   ANALYSIS)    USER   GUIDE
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OUTPUT

if   PCZDZ5   =   0PCZDZ5=1atioifCZDZ5=1

0  =  correct  calculation
1   =    lzil<¢   Or    lz2I<¢
2   =   PCZDZ5   other   than

0or1

1
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TEST   PROGRAM   FOR               SLCZDZ.

TEST    PROGRAM   NAME:              SLCZDZ

MERGE:   SLCZDZ.

ENTER   0   (rectangular)   or   1

(polar)   0
ENTER   x+iy

ENTER   x+iy

ENTER   0   (rectangular)   or   1

(polar)   1
ENTER   modulus,    phase   for   zl    ?
10,    3.14

ENTER   modulus,   phase   for   z2   ?
2,    3.14

real   part       imaginary  part
zl22
z2                     1                                -4
zl/z2        -3.5294             5.8823529

1176D-gg1         4D-Ool

modulus             phase

zl10

z22
zl /z2             5.00¢00

¢¢¢D+¢¢¢

3.14

3.14

¢ . ¢¢¢,¢¢
¢¢E+¢¢¢
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1NPUT

VARIABLE DESCRIPT10N VALUE

PCSQR1 type  of  coordinates ¢  =  rectangular1=polar

PCSQR2PCSQR3 real   part   of   number   if  PCSQR1
=¢
modulus   if   PCSQR2   =   1
imaginary  part  of   number   if
PCSQR1    =   ¢

phase   if   PCSQR1    =   1

OUTPUT

PQFUN. real   part  of|/Z  if  PCSQR1   =  ¢ Z  =  PCSQR2+ipcsQR3¢=correctcalculation1=moduluslessthan¢2=PCSQRlotherthan0or1
moduius  ofi/r  if  pCsQRi   =  1
imaginary  part  of|/Z  if  PCSQR1   =  0

phase   ofvf  is  PCSQR1   =  1
F{eturn   Status

CALL]NG    SEQUENCE      GOSUB    354¢1

METHOD  See   Appendix   A

CALLED    SUBROUTINES         GOSUB    32601
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TEST   PROGRAM   FOR               SLCSQR.

TEST    PROGRAM   NAME:              SLCSQR

MERGE:    SLCSQR.

ENTER   ß   (rectangular)   or   1

(polar)   0
ENTER   x+iy   As   x,y   -1,    ¢

ENTER   0   (rectangular)   or   1
(polar)   1
ENTER   modulus,    phase   1,-1.5707964

real   part       imaginary  part
z-1¢
z^.5           0.0¢000              1.000000

¢¢¢¢E+¢¢¢        ¢¢¢¢D+¢¢¢

modulus             phase
z                         1                         -1.57¢7964
z^.5           1.0¢000             -7.853982

¢¢¢¢¢D+¢¢¢        ¢¢¢¢¢D-¢¢1

NUMERICAL   ANALYSIS
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ELEMENTARY   FUNCTI0NS    (COMPLEX)

1NTEGRAL   POWER   0F   A   COMPLEX   NUMBER

(zn   RECURRENCE)

To   compute   the   power   Zn   with   Z   complex  and   n   integer>O.   Both   the
argument  and  the  results  can  be  expressed  either   in  rectangular  or  polar
coordinates

0

1NPUT

VARIABLE DESCRIPTION VALUE

PCZN1PCZN2 type  of  coordinates ¢  =   rectangular1=polarZ=PCZN3+ipczN4

exponent
PCZN3PCZ'N4 real   part   of   Z   if   PCZN1   =  0

modulus   of   Z   if   PCZN1   =  1
imaginary   part   of   Z   if   PCZN1   =  0

phase   of   Z   if   PCZN1   =   1

OUTPUT

PQFUN. real   part   of   Zn   if   PCZN1   =   ¢modulusofZnifPCZN1=1

0  =  correct  calculation1=moduluslessthan02=exponentotherthananinteger>¢3=PCZNlotherthan0or1
:::::n::yzRa::  ::z::  :f,PCZN1   =  ¢
Return  Status

CALL]NG    SEQUENCE      GOSUB    35601

METHOD   See   Appendix   A

CALLED   SUBROUTINES         GOSU8   32601

S.i?        .``'
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TEST    PROGRAM   FOR SLCZN.

TEST    PROGRAM   NAME:              SLCZN

Note:   In  this  test  program   if  the  parameter  PCZNZ  =  -1   the  base  and/or
the  type  of  coordinate   can  be  changed

MERGE:   SLCZN.

ENTER   0   (rectangular)   or   1

(polar)   0
ENTER   x+iy   As   x,y   1,1

ENTER    EXPONENT    ß

ENTER    EXPONENT    I

ENTER    EXPONENT    2

ENTER    EXPONENT    3

ENTER    EXPONENT    -1

ENTER   0   (rectangular)    or   1

(polar)   1
ENTER   modulus.,    phase   1,1

ENTER    EXPONENT    ¢

ENTER    EXPONENT    I

ENTER   ¢   (rectangular)   or   1    (polar)

imaglnary  part

OLINUM    (NU 1CAL   ANALYSIS)    USER   GUIDE
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ELEMENTARY   FUNCTI0NS    (COMPLEX)

REAL   POWER   0F   A   COMPLEX   NLJMBFR

To   compute   Za   with   Z   complex  and   a   a   real   number;   both   the   argument   and
the  results  can  be  expressed  in  eTther  rectangular  or  polar
coordinates

1NPUT

VARIABLE DESCRIPTION VALUE

PCZA1PCZA2 type  of  coordinates ¢  =   rectangular1=polarZ=PCZA3+ipczA4

exponent
PCZA3PCZA4 real   part   of   Z   if  PCZA1   =  0

modulus   of   Z   if   PCZA1    =   1

imaginary   part   of   Z   if   PCZA1   =  ¢

phase   of   Z   if   PCZA1   =   1

OUTPUT

PQFUN. real   part   of   Za   if   PCZA1   =   0modulusofZaifPCZA1=1 a(=  PCZA2)0=correct   calculation1=moduluslessthan¢2=PCZAlotherthan¢or1

:::::n::yzga::  ::z::  ±f]PCZA1   =  ¢
Return  Status

CALL]NG    SEQUENCE      GOSUB    35801

METHOD   See   Appendix   A

CALLED   SUBROUTINES         GOSUB   324¢1,    326¢1
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TEST   PROGRAM   FOR               SLCZA.

TEST    PROGRAM   NAME:              SLCZA

Note:   1n    this    test    program    if    the    parameter    PCZA2    =   9D99    the    base
and/or  type  of  coordinate   can  be   changed

MERGE:    SLCZA.

ENTER   0   (rectangular)   or   1

(polar)   0
ENTER   x+iy   As   x,y   2,    9

ENTER    EXPONENT    .5

ENTER    EXPONENT   -1

ENTER    EXPONENT    9D99

ENTER   0   (rectangular)   or   1

(polar)   1
ENTER   modulus,    phase   1,1

ENTER    EXPONENT    .25

ENTER   ¢   (rectangular)   or   1    (polar)

real   part       imaginary  part
z2g
z^5               1.4142135               ¢

3816986
z^-1                 .5

modulus             phase
zll
z^.25               1                                 .25

ANALYSIS)    USER   6UID
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6.  POLYNOMIALS



AB0UT   THIS   CHAPTER

This   chapter   contains   subroutines   for   the  Solution   of  Polynomials

CONTENTS

SLPLRC.      Evaluation   of   Real         6-1
Polynomials    (Complex

Argument)

SLPLRR.      Evaluation   of   Real         6-3
Polynomials   (Real
Argument)

SLPRRR.      Calculating   the
Coefficients   of  a
Polynomial   from
Roots

SLPLYM.      Multiplication   of
Two   Real   Poly-
nomials

SLPLYD.       Division   of   Two

Real   Polynomials

SLPTRA.      Translation   of
Coefficients   of  a
Real   Polynomial

6-5

6-7

6-9

6-12
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POLYNOMIALS

EVALUATI0N   0F   REAL   POLYNOMIALS

(COMPLEX   ARGUMENT)
____

To  evaluate  a  polynomial   with   real   coefficients  and  complex  arguments

lNPUT

VARIABLE DESCRIPTI0N VALUE

PPLRC1 real   part  of  the  argument
PPLRC2 imaginary  part  of  the  argument
PPLRC3 degree   of   polynomial

E (PPLRC3+1  ) vector  of  coefficients
(in   descending  order)

OUTPUT

P real  part  of  the  value

0  =  correct  calculation1=degreeotherthanapositiveinteger
Q imaginary  part  of  the  value

FUN. Return  Status

CALL]NG    SEQUENCE      GOSUB    36001

METHOD

CALLED    SUBROUTINES
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TEST   PROGRAM   FOR               SLPLRC.

TEST   PROGRAM   NAME:              SLPLRC

Note:   In   this   test   program   if   the   real   part  of   the  argument   (PPLRC1)   =
9D99    it    is   possible   to   change   the   degree   of   the   polynomial   and
then  the  values  of  the  coefficients

MERGE:    SLPLRC.

ENTER    DEGREE    0F    POLYNOMIAL    ?    4

COEFFICIENTS   (in   descending   order)
ENTER   C4    ?   1

ENTER   C3    ?    2

ENTER   C2    ?    3

ENTER   C1    ?   4

ENTER   C¢   ?    5

ENTER    ARGUMENT    x+iy   As

ENTER   ARGUMENT   x+iy   As

ENTER   ARGUMENT    x+iy   As

9D99,   0

ENTER    DEGREE    0F    POLYNOMIAL?

DEGREE    0F    POLYNOMIAL    IS   4

=   35491    -16184i
=   3+2i

6-2 OL 1NUM    (NUMERICAL   ANALYSIS)    USER    GUIDE
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EVALUATI0N   0F   REAL   POLYNOMIALS

(REAL   ARGUMENT)
1,±1

To  calculate  the  value  of  a  polynomial   with   real   coeff icients  and  real
arguments

1NPUT

VARIABLE DESCRIPTION VALUE

i)PLRR1 argument
PPLRR2 degree

E (PPLRR2+1  ) vector  of  coefficients
(in   descending  order)

OUTPUT

P value   of  polynomial
0  =  correct  calculation1=degreeotherthanapositiveintegerFUN. F{eturn   Status

CALL]NG    SEQUENCE      GOSUB    362¢1

METHOD  See   Appendix   A

CALLED    SUBROUTINES



TEST   PFmGRAM   FOR SLPLRR.

TEST   PROGRAM   NAME:             SLPLRR

Note:     In    this    test    program    if    the    argument     (PPLRR1)     =   9D99    it    is

possible   to   change   the   degree   of   the   polynomial   and   the   values
of  the  coefficients

MERGE:    SLPLRR`

ENTER    DEGREE    ?    3

COEFFICIENTS    (in   descending   order)
ENTER    COEFFICIENT   C3    ?    1

ENTER   COEFFICIENT   C2    ?    -6

ENTER    COEFFICIENT    C1     ?    11

ENTER   COEFFICIENT   CO    ?    -6

ENTER    ARGUMENT

ENTER    ARGUMENT

ENTER    ARGUMENT

ENTER    ARGUMENT

ENTER    ARGUMENT

ENTER    ARGUMENT

ENTER    DEGREE    ?

1

2

3

4
3 .1415927

9D99

DEGREE    0F    POLYNOMIAL    IS    3

P(1)

P(2)

P(3)

P(4)

P(3.1415927)    =    .346169598291242

®
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POLYNOMIALS

® CALCULATING   THE   COEFFICIENTS

0F   A   POLYNOMIAL   FROM   R00TS

To  compute  the  coeff icients  of  a   real   polynomial   from  its   roots

1NPUT

VARIABLE DESCRIPTION VALUE

PPRRR1 number   of   roots
E ( PPRRR1 +1  ) vector  of  roots

OUTPUT

A (PPRRR1 +1  )FUN. vector  of  coefficients   (in

¢  =  correct  calculation1=numberofrootsotherthanapositiveinteger
descending  order)
Return  Status

CALL]NG    SEQUENCE      GOSUB    364ß!1

METHOD  See   Appendix   A

CALLED    SUBROUTINES
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POLYNOMIALS

MULTIPLICAT10N   0F   TW0   REAL   POLYNOMIALS

®
To  compute  the  product   of  two  polynomials   with   real   coeff icients

INPUT

VARIABLE DESCRIPT10N VALUE

PPLYM1 degreee  of  polynomiall
PPLYM2 degree   of  polynomial2
E()F() array  of  coefficients  of  poly-

nomiall    (one   dimension)   in
increasing  order,   E(1)   =  aoiE(I)=ai-,

array  of  coefficients  of  poly-
nomial2

OUTPUT

P()N array  of  coefficients  of  resultant

¢  =  correct  calculation1=degreeotherthanapositiveinteger

polynomial
degree  of   resultant  poLynomial

FUN. Return  Status

CALL]NG    SEQUENCE      GOSUB    366¢1

METHOD  See   Appendix   A

CALLED   SUBROUTINES
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TEST   PROGRAM   FOR               SLPLYM.

TEST    PROGRAM    NAME:              SLPLYM

MERGE:    SLPLYM.

ENTER    DEGREE    0F    POLYNOMIAL    1     ?    3

COEFFICIENTS    (in   descending   order)
ENTER   a3    ?    1

ENTER   a2    ?   -6

ENTER    al     ?    11

ENTER   ao   ?   -6

ENTER    DEGREE    0F    POLYNOMIAL    2    ?    5

COEFFICIENTS    (in   descending   order)

ENTER   a5    ?    1

ENTER   a4    ?    1

ENTER   a3   ?   -8

ENTER   a2    ?    -16

ENTER   al    ?   7

ENTER    a¢    ?    15

ENTER    DEGREE    0F    POLYNOMIAL    1     ?

DEGREE    0F    POLYNOMIAL1     1S    3

DEGREE    0F    POLYNOMIAL2    IS    5

DEGREE    0F    PRODUCT    IS    S

COEFFICIENTS    (in   descending   order)

1    -5   -3   37   9   -155   83123   -9ß

1S)    ÜSER   6U10
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POLYNOMIALS

T]
DIVISI0N   0F   TW0   REAL   POLYNOMIALS
`-r` ----- =_--.`\.nT ---- _    _.T_T   _TT_--LT71U--` _                                                                                                                      ----

To  compute  the  quotient  and   remainder  of  the  division  of  two  polynomials
with  real  coefficients

1NPUT

VARIABLE DESCRIPTI0N VALUE

PPLYD1 degree  of  dividend
PPLYD2 degree   of   divisor,   PPLYD2<PPLYD1
E()F() array  of  coefficients  of

dividend   in   increasing   order,
E(1)   =  a   ...E(1)   =  ai_iarrayof°coefficientsof  divisor

OUTPUT

P() array  of  coefficients  of  quotient

0  =  correct  calculation1=degreeofdividendordivisorotherthanpositiveintegerswithPPLYD2<PPLYD12=leadingcoefficientofdivisorisZero

N degree  of  quotient
Q() array  of  coefficients  of  remainder
Q1FUN. degree   of   remainder,   Q1   =  -1    if

there   is   no   remainder
Return   Status



CALLING   SEQUENCE         GOSU8   368g1

METHOD    See   Appendix   A

CALLED   SUBROUTINES

y    }*äl*8j       `
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TEST    PF{OGF{AM   FOR SLPLYD.

TEST    PROGRAM   NAME:              SLPLYD

MERGE:    SLPLYD.

ENTER    DEGREE

COEFF IC IENTS

OF    DIVIDEND    ?    8

(in   descending  order)
ENTER   a8    ?    1

ENTER   a7   ?   -5

ENTER   a6    ?   -3

ENTER   a5    ?    37

ENTER   a4    ?   9

ENTER   a3   ?   -155

ENTER   a2    ?   83

ENTER   al    ?   123

ENTER   ao   ?   -9ß

ENTER    DEGREE    0F    DIVISOR    ?    3

COEFFICIENTS   (in   descending   order)
ENTER   a3    ?   1

ENTER   a2   ?   -6

ENTER    al     ?    11

ENTER   a¢   ?   -6

DEGREE    0F    DIVIDEND    IS   8

DEGREE    0F    DIVISOF!    1S    3

DEGREE   0F   QUOTIENT    IS    5

COEFFICIENTS   (in   descending   order)
11    -8   -16   715

®
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TRANSLATI0N  0F   COEFFICIENTS   0F

A   REAL   POLYNOMIAL

Given  the   real   polynomial   p(x),   to  calculate
q(x)   =  p(x+s)   where   o  is  a   real   constant.   S
multiplicity  j   if  the  coefficients  of  xj-1,
Zero

the  coefficients
is  a   root  of  p(x)
xj-2...x°   of   q(x)   are   all

INPUT

VARIABLE DESCRIPTI0N VALUE

PPTRA1 degree   of   p(x)
PPTRA2 shift

E ( PPTRA1 +1  ) coefficients  of  p(x)
in  increasing  order

OUTPUT

E (PPTRA1 +1  )FUN. coefficients   of   q(x)   =   p(x+s)   in

¢  =  correct  calculation1=degreeofp(x)notapositiveinteger

increasing  order

Note:   p(x)   is   destroyed   and   re-

placed  by   p(x+s)
Return  Status

CALL]NG    SEQUENCE    GOSUB    370¢1

METHOD    See   Appendix   A

CALLED    SUBROUTINES

6-12 OLINUM    (NUMERICAL   ANALYSIS)    USER    GUIDE

®



POLYNOMIALS

TEST   PROGRAM   FOR               SLPTRA.

TEST    PROGRAM   NAME:              SLPTRA

Note:   ln  this  test  program  if  the  shift  parameter   (PPTRA2)   =  9D99  it  is

possible  to  change  the  degree  of  the  polynomial  and  the  values  of
the  coefficients

MERGE:    SLPTRA.

ENTER    DEGREE    ?    5

COEFFICIENTS   (in   descending   order)
ENTER   COEFFICIENT   C5    ?    1

ENTER   COEFFICIENT   C4    ?   1

ENTER   COEFFICIENT   C3    ?   -8

ENTER   COEFFICIENT   C2    ?   -15

ENTER   COEFFICIENT   C1     ?   7

ENTER   COEFFICIENT   CO    ?    15

ENTER    SHIFT    ?    ¢

ENTER   SHIFT    ?    1

ENTER    SHIFT    ?    2

ENTER   SHIFT   ?   9D99

ENTER    DEGREE    ?

DEGREE    0F    POLYNOMIAL    IS    5

COEFFICIENTS   OF   p(x)<--p(x+¢)
(in  descending  order)
1    1   -8   -16   715

COEFFICIENTS   0F   p(x)<--p(x+1)

(in  descending  order)
1   6   6   -24   -4¢  0

COEFFICIENTS   0F   p(x)<--p(x+2)

(in   descending  order)
1    16   94   236   28¢   ¢
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7.  HIGHER  MATHEMATICAL  FUNCTIONS

®



AB0UT   THIS   CHAPTER

This   chapter   contains   subroutines   for   the  solution  of  problems   in   Higher
Mathematical   Functions.

CONTENTS

SLKMF.      Complete   Elliptic
lntegral  of  First
Kind

SLEMF.      Complete   Elliptic
lntegral   of  Second
Kind

SLLAGG.       Generalised

::::::r:nEg)t:,

SLHNF.      ::{Hjte   Polynomial

SLHEN.      ::rTije   Polynomial

n

SLFOUR.      Evaluation   of

Fourier  Series

SLGAMA.       Gamma    Function

7-1

7-3

7-5

7-7

7-9
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7-13

SLERF.      Error   Function   erf(x)   7-15

SLBJN.    ::::::rF:::::°:n?£)      7"
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of  the  Bessel
Function   lo(x)

SLSF.      Fresnel   lntegral   S(x)    7-21

SLCF.      Fresnel   lntegral   C(x)   7-23

SLCHYF.      Confluent   Hyper-           7-25

geometric   Function

SLGHYP.       Gauss   Hyper-

geometric  Function
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SLCINF.      Cosine   lntegral             7-31
Cin(x)

SLEIF.      Exponential
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HIGHER   MATHEMATICAL   FUNCTI0NS

COMPLETE   ELLIPTIC   INTEGRAL   0F

FIRST  KINDr-J         __        -                        __L--_     _                  --__ _                              __                  _

Evaluation  of  the  Complete  Elliptic   lntegral   of  the  First  Kind
r/2             d öK(„)--

C

1NPUT

VARIABLE DESCRIPTION VALUE

PKMF1 argument

OUTPUT

F value  of  function

¢  =  correct  calculation1=noconvergenceaf-ter100¢terms2=lxl>''

Q value  of  last  term  calculated

FUN. Return   Status

CALL]NG    SEQUENCE      GOSUB    37201

METHOD  See   Appendix   A

CALLED    SUBROUTINES



TEST   PROGRAM   FOR               SLKMF.

TEST    PROGRAM   NAME:              SLKMF

MERGE:    SLKMF.

ENTER    X

ENTER    X

ENTER    X

ENTER    X

ENTER    X

ENTER    X    ?

-.9
-.55
/

.3333

. 999999

-.9                    1.329362192885
-.55                1.403573750272

¢                        1.57¢796326795
.3333              1.7338963¢7695
*   !   1ast   term   !
*   3.17911319855¢89D-04

.    999999      5.128653257586

OLINUM    (NUMERICAL   ANALYSIS)    USER   GUIDE

®

®

®

®



HIGHER   MATHEMATICAL   FIINCTI0NS

COMPLETE   ELLIPTIC   INTEGRAL

0F   SECOND   KIND
1-:     --+        --_                ---TFr -.----

Evaluation   of  the  Complete   Elliptical   lntegral   of  the  Second   Kind

E(@,-r:2--dS

INPUT

VARIABLE DESCRIPTI0N VALUE

PEMF1 argument

OUTPUT

F value  of  function

0  =  correct   calculation1=lxl>12=noconvergenceaf-ter1000terms

Q value  of  last  term  evaluated
FUN. Return  Status

CALL]NG    SEQUENCE     GOSUB    374ß1

METHOD  See   Appendix   A

CALLED    SUBROUTINES



TEST   PROGRAM   FOR               SLEMF.

TEST    PROGRAM   NAME:              SLEMF

MERGE:   SLEMF.

ENTER

ENTER

ENTER

ENTER

ENTER

ENTER    X    ?

Complete  elliptic
1. 57¢796326795
1. 530757636899

.3333              1.43¢33¢437176
-.9                   1.879834731649
*   !last   term!
*   3.15062939249677D-04

-.99999      1.910¢9577387ß

OLINUM    (NUMERICAL   ANALYSIS)    USER GUIDE
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HIGHER   MATHEMATICAL   FUNCTI0NS

::Y!}?:;ZED   LA6UEREE   POLVNOMiAL
11

Evaluation   of   the   Generalised   Laguerre   Polynomial   Ln(a)(x)

®

1NPUT

VARIABLE DESCRIPTI0N VALUE

PLAGG1PLAGG2 degree   (n)parameter,   a,   of   Ln(a)(x)

PLAGG3 argument

OUTPUT

LFUN. value   of   Ln(a)(x)

¢  =  correct  calculation1=degreeotherthananon-negativeintegerReturn   Status

CALL]NG    SEQUENCE     GOSUB    37601

METHODsee   Appendix   A

CALLED    SUBROUTINES



TEST   PROGRAM   FOR               SLLAGG.

TEST    PROGRAM   NAME:              SLLAGG

Note:     1n    this    test    program    if    the    argument    (PLAGG3)    =   9D99    it    is

possible  to  change  the  degree  and  the  parameter  a  of  the  poly-
nomial

MERGE:    SLLAGG.

ENTER   a,n?   1.5,    3

ENTER  -X    ?    ¢

ENTER    X    ?    1

ENTER   X   ?    9D99

ENTER   a,n    ?

x                a            n         generalised
Laguerre  poly-
nomial   L(a)n(x)

ß                   1.5        3           6.562500000¢
¢¢D+¢¢¢

1                    1.5        3           7.708333333

333D-¢¢1

ÜMERICAL   AN
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HIGHER   MATHEMATICAL   FUNCTI0NS

®

®

HEl"ITE   POLYNOMIAL  Hn (x)
IEI

Evaluation   of   the   Hermite   Polynomial   H   (x)
n

1NPUT

VARIABLE DESCRIPT10N VALUE

PHNF1 degree   (n)
PHNF2 argument   (x)

OUTPUT

HFUN. value   of   H   (x)

¢  =  correct  calculatio1=degreenotainte-ger>¢

n

Return   Status

CALL]NG    SEQUENCE        GOSUB   37801

METHOD     See   Appendix   A

CALLED    SUBROUTINES



TEST   PR06RAM   FOR              SLHNF.

TEST   PROGRAM   NAME:              SLHNF

Note:     1n   this   test   program   if  the  argument   (PHNF2)   =  9D99   it   is

possible  to  change  the  degree  of  the  polynomial

MERGE:   SLHNF.

ENTER

ENTER

ENTER

ENTER

ENTER

ENTER

n          Hermite   polynomial
Hn(x)

2            2. O¢OOOß¢Ooog¢D+¢O¢

2           2. 3000¢gggg¢OD+OO1
2        -1.96000gg¢¢OgD+¢go

UMERICAL ANALYSIS)
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HIGHER   MATHEMATICAL   FUNCTI0NS I
HEf"1TE   POLYNOMIAL  Hen (x)

---.-- J-__     _    ----.                                                      __

Evaluation   of   the   Hermite   Polynomial   He   (x)
n

1NPUT

VARIABLE DESCRIPT10N VALUE

PHEN1 degree   (n)
PHEN2 argument   (x)

OUTPUT

HFUN. value   of   He   (x)

¢  =  correct  calcula-tion1=degreenotaninteger>¢

n

Return  Status

CALL]NG   SEQUENCE        GOSUB    38001

METHOD    See   Appendix   A

CALLED   SUBROUTINES
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`-,,       HIGHER   MATHEMATlcAL   FlmcTIONS

EVALUATI0N   0F   FOURIER   SERIES

0
®

-'®

®

®

0

Evaluation  of  a  Fourier  series

1NPUT

VARIABLE DESCRIPT10N VALUE

PFOUR1PFOUR2A(PFOUR1 +1  ) maximum   harmonic   order   to   be

(See   Appendix   A)

considered
value   for   which  the  series   will
be  evaluated
array  of  A  values

B(N) array  of  8  values

OUTPUT

F value  of  the  function
0  =  correct  calculation1=harmonicordernotaninteger>gFUN. Return  Status

CALL]NG    SEQUENCE      GOSUB    38201

METHOD  See   Appendix   A

CALLED    SUBF{OUTINES
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_-_
GAMMA   FUNCTI0N

To  eva\uate  the  qamma   funct±on    l`(%)-_  rtE~le-tdt             (.x>o)
J1'

1NPUT

VARIABLE DESCRIPT10N VALUE

PGAMA1 value   for   which  the   function
will   be  calculated

OUTPUT

FUN_ the   value   of    /'(x).   For   x   =   0,
-1,   -2,...-n   a   value   of   9.D99

is   returned

CALL]NG    SEQUENCE      GOSUB   38401

METHOD  See   Appendix   A

CALLED   SUBFmuTINES



TEST   PROGRAM   FOR               SLGAMA.

_-,,,;`
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ERROR   FUNCT10N   erf (x)

To  calculate  the  value  of  the  error   function    erf(a.)  ±

INPUT

VARIABLE DESCRIPT10N VALUE

PERF1 value   for   which  the   function   is
to  be  calculated

OUTPUT

FUN. The   value   of  erf(x)

CALL]NG    SEOUENCE     GOSUB    38601

METHOD  See   Appendix   A

CALLED    SUBF{OUTINES





BESSEL   FUNCT10N   0F   INTEGER   0RDER   Jn(x)

®

®

T=
To  evaluate  the   function   y,   where  Jn(x)   is  a   solution   of  the  differ-
entialequat£°na.2j`i;r„a.i¥+(.~2ti¢

1NPUT

VARIABLE DESCRIPTloN VALUE

PBJN1 order   (n)
PBJN2 argument   (x)

OUTPUT

J value   of   Jn(X)

¢  =  correct  calculation1=ordernotaninte-gerFUN. Return  Status

CALL]NG    SEQUENCE     GOSUB   38801

METHOD  See   Appendix   A

CALLED    SUBROUTINES
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DEFINITE   INTEGRAL   0F   THE   BESSEL   FUNCTI0N   lo(x)
_--_

To  evaluate  the   integral    /(a;)  = I u(t) d t

lNPUT

VARIABLE DESCRIPTION VALUE

P11gx1 Superior   limit  of  integration

OUTPUT

FUN. value  of  the  function

CALL]NG    SEQUENCE     GOSUB    39gßl1

METHOD  See   Appendix   A

CALLED    SUBROUTINES





FRESNEL   INTEGRAL   S(x)

To  evaluate  the  integral S(S)=|:81nL=b2)dt

I
1NPUT

VARIABLE DESCRIPT10N VALUE

PSF1 upper   limit  of  integration

OUTPUT

S. the  value  of  the  function
0  =  correct   calculation1=lxl>3.5FUN. Return   Status

CALL]NG    SEQUENCE    GOSUB    39201

METHOD   See   Appendix    A

CALLED    SUBROUTINES



®
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HIGHER   MA"EMATI CAL   FUNCTI0NS

FRESNEL   INTEGRAL   C(x)

® I
To  evaluate  the   integral C(k)--j`:oos(`=t2)dt

1NPUT

VARIABLE DESCRIPTION VALUE

PCF1 superi`or  limit  of  integration

OUTPUT

CFUN. the  value  of  the  functionReturnStatus

¢  =  correct   calculation1=lxl>3.5

CALL]NG    SEQUENCE     GOSUB    39401

METHOD    See   Appendix   A

CALLED    SUBROUTINES
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HATHEMATICAL   FUNCTI0NS

CONFLUENT   HYPERGEOMETRIC   FUNCTI0N
TT=

Evaluation   of  the  confluent   hypergeometric   function

®

INPUT

VARIABLE DESCRIPTION VALUE

PCHYF1 parameters   a,b   and  argument
See   Appendix  APCHYF2PCHYF3 x   of   M(a,b,x)

OUTPUT

SFUN. value   of   M(a,b,x)

0  =  correct  calculation,ifb=¢,-,,-2...Return  Status

CALL]NG    SEQUENCE      GOSUB   39601

METHOD  See   Appendix   A

CALLED    SUBROUTINES



TEST   PROGRAM   FOR               SLCHYF.

TEST    PROGRAM   NAME:             CHYF

Note:     1n   this   program   if   the   argument    (PCHYF3)   =   9D99   it   is  possible
to  change  the  values  of  the  other  two  parameters

MERGE:   SLCHYF.

ENTER   a,b

ENTER    X    ?

ENTER    X    ?    .4

ENTER   X   ?    9D99

ENTER   a,b   ?   -1,     .6

ENTER   X   ?   -5

ENTER    X    ?

x                   a          b          Confluent
hypergeometric
function
M(a,b,x)

.3                 -.5         .2         1.997319258826D

Emfl
.4                -.5         .2        -9.15428¢123¢3

7D-¢02

-5                   -1         .6        9. 3333333333D+

¢¢¢

®



HIGHER   MATHEMATICAL   FUNCTI0NS

6AUSS    HYPERGEOMETRIC   FUNCTloN
11

Evaluation   of  the  Gauss   hypergeometric   function

1NPUT

VARIABLE DESCRIPT10N VALUE

P6HYP1PGHYP2

parameters   a,b,c  and   argument   x See   Appendix   A
PGHYP3PGHYP4 of   F(a,b,c,x)

OUTPUT

SFUN. value  of  function

0  =  correct  calculation1=incorrectparameterC2=invalidxfora,b'c3=noconvergenceaf-ter10¢0termsReturn  Status

CALL]NG    SEQUENCE     GOSUB    39801

METHOD  See   Appendix    A

CALLED    SUBROUTINES
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TEST   PROGRAM   FOR               SLGHYP.

TEST    PROGRAM   NAME:              GHYP

Note:     1n   this   program   if   the   argument    (PGHYP4)    =   9D99   it   is   possible
to  change  the  values  of  the  other  parameters

MERGE:    SLGHYP.

x        a           b           c           Gauss   Hyper

geometric
function   F(a,b,
c,x)

ENTER   a,b,c   ?   2,2,4.5

ENTER    X    ?       5

ENTER   X   ?    9D99

ENTER   a,b,c   ?   -1.5,    -2.5,    5

ENTER    X    ?    1

ENTER    X    ?

.5      2            2        4.5         1.755180915381
+¢¢¢

1      -1.5   -2.5      5           1.7963¢2591496
+¢¢¢

1NÜM    (NUMERICAL   ANALYSIS)    ÜSER
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®

1NPUT    '

VARIABLE DESCRIPT10N VALUE

PSIF1 value   for   which  the   function
will   be  calculated

OUTPUT

FUN. value  of  function

CALL]NG    SEQUENCE     GOSUB   40001

METHODsee   Appendix   A

CALLED   SUBROUTINES





COSINE   INTEGRAL   Cin(x)

C

®

To   calculate   Cin(a;.)
(1  -cOs ')

d'

1NPUT

VARIABLE DESCRIPT10N VALUE

PCINF1 upper  limit  of  integration

OUTPUT

FUN. value  of  function

CALL]NG    SEOUENCE     GOSUB    40201

METHODsee   Appendix   A

CALLED    SUBROUTINES
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HIGHER   MATHEMATICAL FUNCTloNS

EXPONENTIAL   INTEGRAL   Ei (x)

®

®

0

I
To   evaluate     E,.(:L.)  ±l:,=dt      (x-o)

INPUT

VARIABLE DESCRIPTION VALUE

PEIF1 inferior  limit  of  integration
(>0)

OUTPUT

EFUN. value  of  functionReturnStatus

0  =  correct  calculation1:#<0

CALL]NG    SEQUENCE      GOSUB   40401

METHOD  See   Appendix   A

CALLED    SUBROUTINES



TEST   PROGRAM   FOR              SLEIF. ®

0

®
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HIGHER   MATHEMATICAL   FUNCTI0NS

EXPONENTIAL   INTEGRAL   Ein(x)

®

®

=
To  calculate  the  value  of

Ec."(#)  -
.j::-`--.::

d '  +  ln ... +  y

1NPUT

VARIABLE DESCRIPT10N VALUE

PEINF1 inferior   limit  of  integration(#)

OUTPUT

FUN. the  value  of  the  function

CALL]NG    SEOUENCE     GOSUB   47001

METHOD  See   Appendix   A

CALLED    SUBROUTINES



TEST   PROGRAM   FOR               SLEINF.

MERICAL   ANALYSIS}    USER   GUIDE
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AB0UT   THIS   CHAPTER

This   chapter   contains   subroutines   for   the   Solution   of  Equations.

CONTENTS

SLBAIR.      Roots   of   a   Real                 8-1
Polynomial    (Newton-
Bairstow)

SLRBIS.      Roots   of   a   Real                8-4
Function
( Bisection )

SLNLIN.      Solution   of   a   Non-        8-7
linear   System

u
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SOLUTI0N   0F   EQllATI0NS

R00TS   0F   A   REAL   POLYNOMIAL

(NEWTON   -   BAIRSTOW)
_----____

®

++

The   routine   calculates   real   or  complex   roots   of  a   polynomial   with   real
coefficients

1NPUT

VARIABLE DESCRIPT10N VALUE

PBAIR1PBAIR2PBAIR3

t::::  ::;:::i:::i::  t: :kktolerance(E)

¢  =  no  deflation
P BA I R4 maximum   number   of   iterations   (Z)
PBAIR5D deflation   switch

for   PBAIR5   =   1   the   original   poly- 1   =  deflation
nomial   f(x)   will   be   deflated   by  a
found  factor  g(x).   The  coeffi-
cients   of   f(x)/g(x)   will   replace
those   of  f(x)   in   the   vector   E(   ).
Repeated  application  of  the
routine   with    PBAIR5  =   1    will   find
all   roots  of  f(x)
degree   of   polynomial   f(x)

E ( D+l  ) coefficients  of   f(x)   in  ascending
order•i:Ä

Yf f if f f f if f ffi#SS;£,  ` ,ow      ,.:§`v£



OUTPUT

Q1  , Q2

FUN.

two  real   roots  of  f (x)

one  real   root  of  f (x)

::::i:::; ,art     )  ::n;::::::
real   and   imaginary  parts  of
value   of   polynomial   at  complex
roots,   or  value  at  each   real   root
last   computed   values  of  Pk,Qk
Return   Status ¢  =  only  one   real   root

R1  , R2=¢

1   =  two   real   roots
2   =   two   complex   roots
3  =  no  solution  after

PBAIR4   iterations
4  =  degree  other  than

positive  integer

CALLING    SEQUENCE     GOSUB   4¢601

METHOD     See   Appendix      A

CALLED   SUBROUTINES      GOSUB   360¢1

8-2 OLINUM    (NUMERICAL   ANALYSIS)    USEF{    6UIDE
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SOLUTI0N   0F   ESUATI0N`S

TEST   PR06RAM   FOR               SLBAIR.

TEST    PROGRAM   NAME:              BAIR

this   program   if   the   approximations   to    Pk   (PBAIR1)   = 9D99

possible   to   change   the   value   of   the   tolerance    (PBAIR3);    a
the   tolerance   =   9D99   it   is   possible   to   change   the  values

e  degree   of  the   polynomial   and  the   coef f icients

MERGE:    SLBAIR.

ENTER    DEGREE    ?       5

COEFFICIENTS    (in   descending   order)
ENTER    C5    ?    1

ENTER    C4    ?    1

ENTER   C3    ?    -8

ENTER   C2    ?    -16

ENTER    C1     ?    7

ENTER    C¢    ?    15

ENTER   TOLERANCE    ?    .000001

ENTER   MAX#   OF    ITERAT10NS    ?    50

DEFLATION    ?    1(YES),¢(NO)     ?    1

ENTER   APPROXIMATI0N   p,q   ?    -¢,    -0

ENTER   APPROXIMATloN   p,q    ?    9D99,    0

ENTER    TOLERANCE    ?    9D99

ENTER    DEGREE    ?

DEGREE    0F    POLYNOMIAL    IS    5

C5=1

C4=1

C3   =   -8
C2   =   -16

C1=7

C¢   =   15

TOLERANCE   =    .¢¢¢¢¢1    MAX#   OF

ITERAT10NS   =   50

DEFLATI0N    REQUESTED

APPROXIMAT10N    FACTOR    p=¢   q=¢

TW0   REAL   ZEROS    .9999999,    -1.000000

01

FACTOR      p=-¢¢¢¢¢¢¢2

q=1  . ¢¢¢¢¢¢1
VALUES    0F    POLYNOMIAL

4 . 00000001121725D-¢7
-1. 6gggoggoso3961 D-07

8-3



R00TS   0F   A   REAL   FUNCT10N   (BISECT10N) =
To  locate  a   root  of  a   real   function  by  bisection  of  a  user-defined
interval

1NPUT

VARIABLE DESCRIPTI0N VALUE

PRBIS1 tolerance
Q1  ' Q2 start  and  end  of  interval  to

be   examined

OUTPUT

U root  of  f(x)

¢  =  root   found1=apoleis foundintheintervalQ1'Q22=norootininterval3=tolerancenotpositive
Q1  ' Q2 final  extremes  of  interval
FUN. Return   Status

CALL]NG   SEQUENCE     GOSUB    40801

METHODsee   Appendix   A

CALLED    SUBF{OUTINES

8-4 OLINUM    (NUMERICAL   ANALYSIS)    USER   GUIDE



0 Note

The   function   f (x)   must   be   included   in   the   calling   program   as   FNB.   For
example,    f (x)   =   ex   -x   would   be   coded   as   DEF   FNB(x)   =   EXP(~x)   -x



TEST   PROGRAM   FOR               SLRBIS.
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SOLUTI0N   0F   EQUATI0NS

SOLUT10N   0F   A   NON-LINEAR   SYSTEM

Computation  of  a   solution   vector   (a„ ..., aJ   of  the   system
J',(.c,,aL..2 ,...,  &`„) ,...,  J'„(a.i,.C.z ,...,  #n)        i.e.    an    n-tuple       (.ai ,...,  Cr„)such    that:

F,(U`,...,aM)--F.2(CL\,...,CLn)=...--Fn{a\,...,a„)--¢.

1NPUT

VAFUABLE DESCRIPT10N VALUE

N order  of  the  system
X maximum   number   of   iterations
E tolerance

PNL I N2 ( ) vector   of   approximations   (x.)1

OUTPUT

PNL lr.j2 ( ) solution  vector

0  =  correct  calculation1=nosolutionafterPNLIN2iterations2=Jacobianmatrixissingular3=algorithmdiverges4=tolerancenotpositive5=maximumnumberofiterationsorordernotapositiveinteger

F()FUN. vector  of  the   values  of  the
functions
Return   Status

8-7



u
CALCULATI0N        A(12)

CALLING   SEQUENCE     GOSUB   41001

METHOD  See   Appendix   A

CALLED    SUBROUTINES

Note

The  non-linear   system  of  equations  must  be   included   in  the  calling
program  as  a   subroutine  whose   first   line   is  line   2ß.   Each   function   is
defined   as   F(i)   and   each   variable   x£   as   PNLIN2(i),    i   =   1,2„..,N.

For   example   the   system:

2
yl =  X`Z   + x:   -4

y2   =   Xix2   -1

would   be   coded   as:

2¢   F(1)    =   PNLIN2(1)    *   PNLIN2(1)    +   PNLIN2(2)    *   PNLIN2(2)    -4

3¢   F(2)    =   PNLIN2(1)    *   PNLIN2(2)    -1

40    RETURN

8-8 AL   ANALYSIS)    USER   GUIDE
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SOLUTI0N   0F   EQUATI0NS

®
TEST   PROGRAM   FOR               SLNLIN.

TEST    PROGRAM   NAME:             NLIN

Note:  User   defined   system:
2¢(F1)    =   PNLIN2(1)*PNLIN2(1)+PNLIN2(2)*PNLIN2   -4

3¢   F(2)    =   PNLIN2(1)*PNLIN2(2)    -1

40    RETURN

MERGE:    SLNLIN.

ENTER    0RDER    OF    THE    SYSTEM    ?    2

ENTER    TOLERANCE    ?    .00¢001

ENTER    MAX.    NUMBER    0F    ITERAT10NS

?5¢

APPROXIMATI0N    VECTOR

ENTER    X    1     ?    ¢

ENTER    X    2    ?    1

ENTER    TOLERANCE    ?

ORDER    0F    THE    SYSTEM    2

MAX.    NUMBER    0F    ITERAT10NS    50

TOLERANCE    .0000ßl

1                     xl                                       Fi
1          .517638068814319      7.3476855

000365D-07
2         1.93185184848185      6.0083515949

3346D-08
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AB0UT   THIS   CHAPTER

This   chapter   contains   subroutines   for   the   solution  of  problems   in  Linear
Algebra

CONTENTS

SLCRO.      Solution   of   a   Linear      9-1                 SLJCB.      Evaluation   of   the           9-23
System   and   Matrix
lnversion   for  a
General   Matrix

SLCHO.      Solution   of   a   Linear      9-5
System   and   Matrix
lnversion   for  a
Symmetric  Positive-
definite  Matrix

SLJAC.      Eigenvalues   and
Eigenvectors   of  a
Symmetric   Matrix
using  the  Jacobi
Method

SLHES.       Eigenvalues   of   a
General   Matrix   using
the   Q-R   Algorithm

SLHEV.      Eigenvectors   of   a
General   Matrix

9-10

9-13

9-17

SLCHA.      Characteristic   Poly-     9-19
nomial   of   a   General
Matrix

Jacobian  Matrix
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SOLUT10N   0F   A   LINEAR   SYSTEM  AND   MATRIX

IIWERSI0N   FOR   A   GENERAL   MATRIX
==

Solution  of  a   linear  system  for  multiple   right-hand  sides,   matrix  inver-
sion  and  evaluation   of  the  determinant  for  a  general   square  matrix  of
order   N

INPUT

VARIABLE DESCRIPT10N VALUE

PCR01 order   of  matrix   (N)

1,2  =  solution  of1inearsystem-1,-2=matrixinver-sion
PCR02 tolerance(no  test  for  singularity-)
PCR03pcR02(N,N)6(N) switch  variableelementsofmatrix  A   (overwritten

by  decomposition  matrix)
right  hand  side   (linear  system
only)

OUTPUT

0 I   determinant   of  A

0  =   correct   calculation1=orderotherthanapositiveinteger2=tolerance<gor>13=matrixissingular4=matrixisnearlysingularPCR02(H(N),N)<PCR025=PCR03otherthan±1or±2

G(H(N))F(N,N)FUN. solution   vector   (1inear  system
only)inverse  matrix,   A-t    (inversion

only)
Return   Status



CALCULATI0N          G(N)     (inversion   only)    ;    H(N)

CALLING    SEQUENCE       GOSUB   412¢1

METHOD    See   Appendix   A

CALLED   SUBROUTINES
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TEST   PROGRAM   FOR               SLCRO.

TEST    PROGRAM   NAME:             SLCR02

Note:     1n   this   program   if   the   switch   variable   (PCR03)   =   9D99   the   order
and   the   elements   of   the  matrix   can   be   changed

MER6E:    SLCRO.

ENTER   o.rder   of   matrix   ?   3
ENTER   element

ENTER   element

ENTER   element

ENTER   element

ENTER   element

ENTER   element

ENTEP`   element

ENTER   element

ENTER   element

ENTER   tolerance   ?   1d-9
ENTER   1    (system)    or   2    (inverse)

?1

bl

matrix  order  3

tolerance   .0000000¢1

right-hand  side
bl=4
b2=6
b3=1

matrix  is  nearly  singular  -  last
element   of   decomposition  matrix   is
-.2:]2:]2:]2]2:]2:]2J3
determinant   (in  absolute   value)   =
3 . ¢¢¢¢¢¢¢¢¢¢1
solution
xl   =  -17
x2=3

x3   =   6.9999999998



u

®

ENTER   1    (system)   or   2   (inverse)
?2

ENTER   1    (system)    or   2    (inverse)
?   9D99

ENTER    0RDER    0F    MATRIX    ?

inverse  matrix
-1.10000gß¢OogD+go1       3.OO¢OgooogoD

+¢¢¢     9.¢¢¢¢¢¢¢¢¢¢D+¢¢¢
1.¢¢¢¢¢¢¢¢¢¢D+¢¢¢     8.881784197¢¢D-

016      -1.00¢ßOOO¢O¢D+OOO
1.¢ggooogo¢OOD+goo      8.8817841970¢D
-¢16     -1.¢¢¢¢¢¢¢¢¢¢D+¢¢¢

4.6666666667D+OOß      -1.3333333333D+

00¢      -3.6666666667D+OOO



® SOLUT10N   0F   A   LINEAR   SYSTEM  AND

MATRIX   INVERS10N   FOR   A   SYMMETRIC

POSITIVE   DEFINITE   MATIUX
I

Solution  of  a   linear  system  for  multiple   right-hand  sides,   matrix  inver-
sion  and  evaluation  of  the  determinant  for  a  symmetric  positive  definite
matrix

INPUT

VARIABLE DESCRIPTloN VALUE

PCH01 order  of  matrix   (N)

1,2  =  solution  oflinearsystem-1,-2=matrixinver-sion

PCH02PCH03PCH02(N(N+1  ) /2 ) tolerance   (to  test  for  positive
definiteness)
switch  variableelementsofupper  triangle  of  A

F(N) right-hand  side   (linear  system)

OUTPUT

F(N) solution  vector   (linear  system)

0  =  correct  calculation1=orderotherthanapositiveinteger2=tolerance<¢or>13=matrixnotpositivedefinite4=matrixnotpositivedefiniteorround-ingerrors.ThediagonalelementinrowROofthedecomposing

0 determinant   in  absolute  value
G ( N ( N+1  ) /2 )RO,Q elements  of  upper  triangle  of

inverse  A   (inversion)
see   FUN.   values   4   and   5

FUN. Return  Status



®
OUTPUT

matrix  is  not
positive

5  =  matrix  may  not  be

positive  def inite
The   diagonal
element   in   row
RO   =   Q(<PCH02)

PCH03   other   than   ±1
or±2

CALCULATI0N         F(N)     (inversion   only):    A,    R1,     R

CALLING    SEQUENCE      GOSUB    41401

METHOD   See   Appendix   A

CALLED    SUBROUTINES

)    USER    6UIDE     ,\\^
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0

®

Note

PCH03  equals  ±1   for  the  first  function  call   such  that  the  matrix  A  is
decomposed.

For   a   second  or   subsequent   function   call,   PCH03  equals  ±2   which  causes
the  routine  to  by-pass  decomposition.

Failure   to   follow   this   procedure   will   generate   erroneous   results   since
the  matrix  A   is   overwritten  by  the  decomposition  matrix



TEST    PROGRAM   FOR               SLCHO.

TEST    PROGRAM   NAME:              SLCH02

Note:     1n   this   program   if   the   switch   variable   PCH03   =   9D99   it   is

possible   to  change   the   order   of  the  matrix  and   the   values   of  the
elements

MERGE:    SLCHO.

ENTER   order   of   matrix   ?   4

ENTER   element

ENTER   element

ENTER   element

ENTER   element

ENTER   element

ENTER   element

ENTER   element

ENTER   element

ENTER   element

ENTER   element   4,4   ?   2

ENTER   tolerance   ?.000¢0001

ENTER   1    (system)    or   2    (inverse)

?1

ENTER   bl

symmetric  matrix   order  4

symmetric   elements   -1

symmetric   elements   0   -1

symmetric   elements   0   0   -1

tolerance  for  positive  definite
test     0¢000001

right-hand  side
bl=1

b2=4
b3=6

b4=9
determinant    (in   absolute   value)
5 . 0000001601147
solution

SIS)    USER   GUIßE



X1    =   7.3999998238164

X2   =   13.79999914105¢4
X3   =   16.200000201gso4
X4   =   12.5999996996847

ENTER   1    (system)   or   2    (inverse)
?2

ENTER   1    (system)   or   2    (inverse)
?   9D99

ENTER    0RDER    0F    MATRIX    ?

1nverse  matrix
•800000011224664      .59999996768366
.39999999991637      .19999993595412

59999996768366      1.19999989429307
.79999997244996      .399999973499408

.399999999916397      .79999997244996
1.2000ß¢04601518      .690000003919231

.399999973499408      .199999993595412

.6000¢0003919231       .7999999765¢8471



EIGEN   VALUES   AND   EIGEN   VECTORS   0F   A   SYMMETRIC

MATRIX   USING   THE   JAC0BI   METH0l)
111

Calculation   of   the  eigen   values   and,   optionally,   the  eigen   vectors  of
a   symmetric   matrix   A,    i.e.   solution   of   the   matrix   equation   Ax   =  ,lx

INPUT

VARIABLE DESCRIPT10N VALUE

pJAC1 order   of   the   matrix   (N)

¢  =   without   eigenvectors1=witheigenvectors
PJAC2 tolerance
PJAC3PJAC'2 ( N) switch   variablediagonalelements   of  the   matrix

F (N (N-1  ) /2 ) upper   off-diagonal   elements   of
the   matrix

OUTPUT

PJAC2  (N) eigen   values

¢  =   correct   calculation1=PJAC3notequalto0or12=PJAC2tolerancenotpositive3=OrderNotherthanapositiveinteger

VJAC7 ( N , N )FUN. eigen   vectors   (columns   of
VJAC7(     )

Return   StatusNote:Theroutine   uses   the

function   FNF

NUMER 1CAL   ANALYS



CALCULAT10N          F,    8,    J,    T],    T2,    U,    Cß,    SO,    D,    Q,    R

CALLING    SEQUENCE       GOSUB   41601

METHOD   See   Appendix   A

CALLED    SUBROUTINES

®

®



TEST    PROGRAM   FOR SLJAC .

TEST    PROGRAM    NAME:             SLJAC2

MERGE:   SLJAC.

ENTER   order   of   matrix   ?   3

ENTER   element

ENTER   element

ENTER   element

ENTER   element

ENTER   element

ENTER   element

ENTER   tolerance

eigen   vectors   ?   1(yes),    O(no)    ?   1

ENTER   order   of   matrix   ?

symmetric   matrix   order   3

symmetric   elements   4

symmetric   elements   2   3

tolerance   .0¢0¢0¢¢¢01

eigen   vectors   requested
eigen   values
13.687339256      2.619921695

6 . 692739049
eigen   vectors   (row-wise)
.59¢94¢671        .541¢16969

. 5984%026
-.527975155       .82¢223273

-. 220172769
-.6¢9943755      -.185834468

. 770346785

®

®

®



EIGEN   VALUES   0F   A   GENERAL   MATRIX

USIMG   THE   Q-R   ALGORITHM

®

®

®

I
Calculation  of  the  eigen  values  of  a  general  matrix  A,   i.e.   solution
of  the  matrix  equation  Ax  =  ^x

INPUT

VARIABLE DESCRIPT10N VALUE

PHES1 order   of  the  matrix   (N)     .
PHES2 tolerance
E(N,N) elements  of  the  matrix

OUTPUT

F(N)  ,6(N)E(N,N)P(N,N) real   and   imaginary  parts  of  the

¢  =  eigen  valuescalculated1=PHEslisanonpositiveinteger2=PHES2isnotpositive3=noconvergenceafter3¢iterations

eigen   values

::::::  :=pQ  )See  method
FUN. Return  Status



CALCULATI0N          O(N),    L!,     K!,    8,     Q,    R,     S,    X,    Y,    W,     Z

CALLING    SEQUENCE       GOSUB   418¢1

METHOD   See   Appendix   A

CALLED    SUBF{OUTINES          GOSU8    46¢¢1

Note

The   progress   of  the   calculation   may  be   followed   on   the   display  by   remov-
ing   REM   from   line  41893.   The   display   then   shows   the   iteration   being

performed   in   each   of  the   N-2   steps   of  the   Q-R   algorithm

LINUM   (NUMERicAL   ANALysIS)    USER   Gum

®

®

®



LINEAR   AL6EBRA

TEST   PROGRAM   FOR              SLHES.    and   SLHEV.

TEST    PROGRAM   NAME:             SLHES2

Note:    The  calculation  of  the  eigen  values   is  followed  by  the  calcula-
tion     of    the    corresponding    eigen    vectors    using    SLHEV.     (GOSUB
46¢01 )

MER6E:   SLHES.        SLHEV.

ENTER   order   ?   4

ENTER   elements   row-wise
ENTER   element   row   1

al       1    =   ?   1
al      2=   ?   5
al     3=   ?8
al      4=.?   4

ENTER  .element   row   2

a2   1    =   ?   6

a2   2   =   ?   3
a2   3   =   ?   7
a2   4   =   ?   8
ENTER   element   row   3

a31    =   ?   1.5

a3   2   =   ?   11

a3   3   =   ?   9
a3   4   =   ?   6
ENTER   element   row   4

a4   1    =   ?   5

a4   2   =   ?   8
a4   3   =   ?   3.7
a4   4   =   ?   4 MATRIX    (row-wise)

1584

6378
1.5       11           9          6



tolerance   ?   1d   -10

ENTER   order   ?

eigen   value   j
-5 .1261 ¢6¢7584948
-. 579869218693827+2 . 42693

1142807¢1 i
-. 5798621893827+-. 242

693114280701

23 . 2858438460084

eigen  vector   j
-. 23122¢286728237
-. 69322¢6133

52799
. 304962295655581

. 610721181895829

2   and   3     -.545794465208018+-.2210-
85637759322 .1

¢37¢383¢56315   +-1.48¢41
119486146i
-. 327278951 ¢8¢694+-. 35815

5113472947i
. 61 ¢288157833865+-.112785
796835097i
-. 305850574192517
-. 56¢817326238133

-. 595621533278672
-. 487005517499808

®



®

®

EiGEN   vECTORS   OF   A   GENERAL   mTRIX
I

Calculation  of  the  eigen  vectors  of  a  general  matrix  A,   i.e.   solution
of   the  matrix  equation   Ax  =  Ax,   given  the   eigen   values  Ä±,   and   the

matrices   U   and   W,    where   U   =   QtptAPQ   and   W   =   PQ   (see   SLHES.)

INPUT

VARIABLE DESCRIPTloN VALUE

PHLEV1 order   of  matrix  A   (N)
PHLEV2 tolerance
E(N,N)P(N,N)

::::::  :      }see  method
F(N)  , G(N) real   and   imaginary  parts  of  eigen

values   of  A

OUTPUT

P(N,N) eigen  vectors  of  A   (see  note)
¢  =  correct  calculation1=tolerancenotpositive2=orderotherthanapositiveintegerFUN. Return  Status

9-17



CALCULATION           O(N),     8,     H,    M,     P,     Q,     R1,     S1,     T1,     T2,    Z,     Z1,     Z2,     Y2

CALLING    SEQUENCE       GOSUB   46¢01

METHOD    See   Appendix   A

CALLED    SUBROUTINES

Notes

1.   lf  Ä±   is   ith   eigen   value  and   x.  .   the   jth   element   of  the   ith   eigen
vector   then   for   Ä±   real,   P(i,j}J=   x.  ..1f  Äi   is   complex   (G(i)   ±   0)

::::,Ä]l+alndL;(:::,;;n:::a:;iL:T(:;;)a::  :::nL:::L:::;  ::::s°:fx!]  a::d
lJ

xi+] ,].   respectively

2.   For   the   test   program   see   SLHES.

®



LINEAR   ALGEBRA

®
CHAlmcTERISTic   POLyNOMIAL   OF

A   6EMERAL   MATRIX

Calculation  of  the  coefficients  of  the  characteristic  polynomial  of
a  general   matrix  A.   Evaluation  of  the  determinant   (in  absolute   value)

INPUT

VARIABLE DESCRIPT10N VALUE

PCHA1 order  of  the  matrix   (N)
E(N,N) elements  of  the  matrix

OUTPUT

H(N+1  )FUN. Coefficients  of  the  characteristic

¢  =  correct  calculation1=orderNisnotapositiveinteger

polynomial   in   descending  order.
(The  absolute  value  of  the  deter-
minant  of  A   is  the  absolute   value
of   H    (N+,)).

Return  Status

.-.. _  _.   _.: _--:_=.:_±=ä=--.-:==ä-=i====_-.-i--==-==aä:=;jj;jn    9-19



CALCULAT10N          G(N),     F(N,N)

CALLING    SEQUENCE      GOSUB   42201

METHOD  See   Appendix   A

CALLED   SUBROUTINES

®

®



LINEAR   ALGEBRA

TEST   PROGRAM   FOR               SLCHA.

TEST    PROGRAM   NAME:              SLCHA2

MERGE:    SLCHA.

ENTER    0RDER    0F   MATRIX    ?    4

ENTER   elements   row   1

E(1,1)    ?    7

E(1,2)    ?    6

E(1,3)    ?    5

E(1'4)    ?   3

ENTER   elements   row   2

E(2'1)    ?   2

E(2,2)    ?   8

E(2,3)    ?   9

E(2,4)    ?    11

ENTER   elements   row   3

E(3,1)    ?    5

E(3'2)    ?   4

E(3,3)    ?   8

E(3'4)    ?   6

ENTER   elements   row   4

E(4,1)    ?   3

E(4,2)    ?   5

E(4,3)    ?   7
E(4,4)    ?   2 MATRIX   (row-wise)

9-21
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1NPUT

VARIABLE DESCRIPTI0N VALUE

PJCB1 order   of   the   system   (N)
PJC82F(N) increment   for  the  five  point

differencing  scheme
functions

G(N) variables

OUTPUT

E(N,N) Jacobian  matrix

0  =  correct  calculation1=orderofsystemisnotapositiveinteger2=incrementisnotpositiveFUN. Return  Status



CALCULAT10N             8(    )

CALLIN6   SEQUENCE          GOSU8   42401

METH00      See   Appendix    A

CALLED   SUBROUTINES

Note

The   system  of  equations  must   be   included   in   the   calling   program  as  a
subrout.ine   whöse   first   line  must  be   line   2ß.

For   exqmple,   the   system

y,   =   x,    -   x2
y2    =    X,X2

would   be   coded   in   the   calling   program   as   follows:

2¢   F(1)    =   G(1)    -G(2)

3¢   F(2)    =    G(1)    *    G(2)

40    RETURN

30LINUM    (NUMERICAL   ANALYS`1S)    USER   6UIDE

®

®



TEST    PF{OGF{AM    FOR SLJCB.

TEST   PROGRAM   NAME:             SLJC82

Note:     user  defined   functions:
2¢   F(1)    =   G(1)    -G(2)

3¢   F(2)    =   G(1)    *   G(3)

4¢    RETURN

MERGE:    SLJCB.

ENTER   order   of   system   ?   2
ENTER   increment   ?    .01

ENTER    X    1     ?    6

ENTER   X   2    ?    3

ENTER   increment   ?   0

ENTER    X    1     ?    1

ENTER    X   2    ?    1

ENTER   increment   ?

increment   .01
X1=6

X2=3

Jacobian  matrix
.999999999999979     -1.00000¢0000
0001
3.¢¢¢¢¢¢¢¢¢14     6.¢¢¢¢¢¢¢¢¢¢¢¢5
increment   0
X1=1

X2=1

error  positive   increment  only
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AB0UT   THIS   CHAPTER

This   chapter   contains   subroutines   for   the   solution   of   problems   in   Curve
Fitting  and   lnterpolation.
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polation

SLCSPC.       Cubic   spline                         10-23

polation

SLPADE.      Rational   Function         10-28
Fitting   (Padö
Approximation)
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CURVE   FITTING   AND    INTERPOLATIO

LEAST   SQUARES   CURVE   FITTING   T0   USER

SUPPLIED   BASIS

®
__

To  determine  the  coefficients  of  an  approximating   function,   which   is
a   linear   combination  of  user-supplied  basis   functions

INPUT

VARIABLE DESCRIPT10N VALUE

PLLSQ1 number   of   data   points   (N1)

i   =   1,2,...N1

PLLSQ2 number   of   basis   functions   (M1)
PLLSQ3 tolerance

E(N1  )  ,F(N1  ) xi,   yi

OUTPUT

G(M1  ) basis  coefficients

0  =  tolerance   reached1=tolerancenotreached2=numberofdatapointslessthanthenumberoffunctions3=normalsystemissingular4=tolerancenegative

D standard  deviation
N!FUN. number  of  basis   functions  used

Return   Status



OUTPUT

5  =  number   of  data

points  other  than
a  positive
integer

6   =   number  of  basis
functions  other
than   1,2...6

CALCULATION           Q(,),    R(,),    H(     ),    0(    ),    P,    U,    F

CALLING   SEQUENCE        GOSUB   42601

METHOD    See   Appendix   A

CALLED   SUBROUTINES

Note

The  basis   functions  must  be   included   in  the  calling  program  as  a   sub-
routine  whose   first  line  must  be  line   20.   For  example,   the  basis

:!  :  :2

would   be   coded   in  the   calling  program  as:

2¢G(1)    =   x

30G(2)   =   xt2
40    RETURN

10-2 OLINUM    (NUMERICAL   ANALYSIS)    USER    GUIDE
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CllRVE   FITTIN6   AND    INTERPOLATI0N

TEST   PROGRAM   FOR               SLLLSQ.

TEST    PROGRAM    NAME:              RRLLSQ

Note:     user-defined  basis   functions:
2¢   G(1)    =   X

3¢   C(2)    =   X-,2

40    RETURN

MERGE:    SLLLSQ.

ENTER   number   of   points   ?   7

ENTER   interval   limits   ?   1.1,   9
ENTER    E(1)    F(1)

ENTER    E(2)    F(2)

ENTER    E(3)    F(3)

ENTER   E(4)    F(4)

ENTER    E(5)    F(5)

ENTER    E(6)    F(6)

ENTER    E(7)    F(7)

1.1'     3

2.3,    0
3'4
4.5,   -3
6,    -12
9'   456
12'4

ENTER   number   of   basis   functions
?6

ENTER   tolerance   ?   0

ENTER   tolerance   ?

number   of   points   =  7
interval      [1.1,   9]

6  basis   functions
tolerance  =  0
***results***
6  basis   functions  used
basis   fn

1

2
3
4
5
6

coefficient
207 . 413547964336

-362 . ¢771791992 38

213 . ¢13346355761
-53 . 941622¢9¢9832

5 . 94626574262395
-. 227555306780735

standard   deviation   =   2.21041178703
308   (tolerance  not   reached)
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INPUT

VARIABLE DESCRIPTI0N VALUE

PNLLS1 number   of   data   points   (N)
<6PNLLS2 number   of   parameters   in   model

PNLLS3PNLLS4 tolerance  to  determine  presence
of   maximum

tolerance   for   line  minimisation
PNLLS5 bound   for   line  minimisation
PNLLS6 maximum   number   of   iterations

P(PNLLS2)x(PNLLS1) ,y(PNLLS1) initial   approximation  to  a  set
of  parameters

x  and   y  data   values

OUTPUT

P(PNLLS2) final   set  of  param,eters

0  =  correct  calculation1=nosolutionafterPNLLS6iterations2=max.no.ofiter-ationsnotaposit-iveinteger3=tolerancesandboundnotpositive4=no.ofdatapointsnotapositiveinteger5=no.ofparametersatherthan1.2...6

F residual   value
K1 number   of   iterations
FUN. Return   Status

CAL   ANALYSIS)    ÜSER   GUID



CUWE   FITTING   AND   INTERPOLATI0N

0
CALCULATION         S(,),D(),Q(),Z(),B¢,H,l!,J!,F9,M1,M2,S,Q,Z,T1

CALLING    SEQUENCE      GOSUB   46401

METHOD  See   Appendix   A

CALLED   SUBROUTINES

Notes

1.  :::g:::e:sfF#,i,:2;it;aä;g:ie::S; ::dd::::::t::st:,,i,1;t:,-,6,.

:::e:X::P::E  :ri:(#:f;::)e:P:::;t:a:(:;r{exai  +  a2.a  3  would  be

2.   The  progress   of  calculation  may  be   followed   on   the   display  by   remov-
ing   REM   from   statements   46472   and   46655.   The   last   line   minimisation
and   value  of  the   residual   are  given



TEST   PROGRAM   FOR               SLNLLS.

TEST    PROGRAM   NAME:              RRNLLS

Note:     user-defined  model
3¢   DEF   FNF(x)    =   P(1)    +   P(2)    *   P(3)    ^x

MERGE:    SLNLLS.

ENTER   number   of   points   ?   24
ENTER   interval   limits   ?   .2,   7.3

X(1)     Y(1)

X(2)    Y(2)

X(3)    Y(3)

X(4)    Y(4)

X(5)    Y(5)

X(6)    Y(6)

X(7)   Y(7)
X(8)    Y(8)

X(9)    Y(9)

X(10)     Y(1®)

X(11)     Y(11)

X(12)   'Y(12)

X(13)    Y(13)

X(14)    Y(14)

X(15)    Y(15)

X(16)    Y(16)

X(17)    Y(17)

X(18)    Y(18)

X(19)    Y(19)

X(2¢)    Y(20)

X(21)    Y(21)

X(22)    Y(22)

X(23)    Y(23)

•2'    24.3

.5'    23.5

.7,    22.8

.8'    22.5
1.2,    21.5

1.4,    21.1

1.7'    2¢.5

1.9,    2¢.1

2.3,    19.4

2.5'    19.1

2.7,    18.8

3'    18.4

3.3'    18.1

3.6'    17.8

3.9'    17.5

4.1,17.3

4.4'    17.1

4.7'    16.9

3,    16.7

5.3,16.3

5.7,    16.3

6.2,    16.1

number   of   points   24
interval      [.2,   7.3]

OLINUM    (NUMERICAL   ANALYSIS)    USER    GUIDE
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CURVE   FITTING   AND   INTERPOLATI0N

X(24)    Y(24)    ?    7.3,15.7

ENTER   number   of   parameters   ?   3
ENTER   tolerance   ?    .¢¢1

ENTER   line   min.    tolerance   ?    .001
ENTER   bound   for   line   min.    ?   5

ENTER   maximum #  of   iterations?   50

initial   parameters:
ENTER   parameterl    ?

ENTER   parameter2   ?
ENTER   parameter3   ?

ENTER   tolerance   ?

number   of   parameters   3

bound   for   line   min.   5

solution  after  34  iterations
i                   parameter  i
1                         15.1539120999214

2                        9. 94726076961454
3                            . 683799252607205

residual   value   =   .932332519366355

®



WEIGHTED   LEAST   SQUARED   0RTHOGNAL   POLYNOMIALS

CURVE   FIT   (FORSYTHE)
L=

To  compute  the  coefficients   of  the  Forsythe  polynomials  approximating
a  set  of  observed  data

1NPUT

VARIABLE DESCRIPT10N VALUE

PFSYT1 tolerance
PFSYT2PFSYT3 maximum  degree   of   resultant   poly-

nomial    (M)

number   of   points   (N)
E(N) array  of  data  points  abscissae
F(N) array  of  data  points  ordinates
G(N) array  of  data  points  weights

OUTPUT

P1 degree   of   resultant  polynomial

¢  =  correct  calculation1=tolerancenotreached2=no.ofdatapointsotherthanaposi-tiveinteger3=maximumdegreeofpolynomialotherthan0,1...N-14=tolerancenegative

R ( P1 +1  )S¢ coefficients   of  polynomial   in
ascending   order
standard  deviation

FUN. Return   Status

OLINUM    (NUMERICAL   ANALYSIS)    USER   GUIDE



CALCULAT10N          H    (7,    M+2),     D1

CALLING    SEOUENCE      GOSUB    43001

METHOD   See   Appendix   A

CALLED    SUBROUTINES

*

0



®

TEST   PROGRAM   FOR                   SLFSYT.

TEST    PROGRAM   NAME:                 RRFSYT

MERGE:       SLFSYT.

ENTER   number   of   points   ?   24
ENTER   interval   limits   ?   .2,   7.3

E(1)    F(1)    G(1)    ?     .2,24.3,1

E(2)    F(2)    G(2)    ?    .5,23.4,1

E(3)    F(3)    G(3)    ?    .7,22.8,1

E(4)    F(4)    GJ(4)    ?    .8,22.5,1

E(5)    F(5)    G(5)    ?    1.2,21.5,1

E(6)    F(6)    G(6)    ?    1.4,21.1,1

E(7)    F(7)    G(7)    ?    1.7,2¢.5,1

E(8)    F(8)    G(8)    ?    1.9,2¢.1,1

E(9)    F(9)    G(9)    ?    2.3,19.4,1

E(1¢)    F(1ß)    G(1ß)    ?

E(11)    F(11)     G(11)     ?

E(12)    F(12)    G(12)     ?

E(13)    F(13)    G(13)     ?

E(14)    F(14)    G(14)    ?

E(15)    F(15)    G(15)     ?

E(16)    F(16)    G(16)     ?

E(17)    F(17)    G(17)     ?

E(18)    F(18)    G(18)     ?

E(19)    F(19)    G(19)     ?

E(2ß)    F(2¢)    G(2¢)    ?

E(21)    F(21)    G(21)     ?

E(22)    F(22)    G(22)    ?

2,5,19.1,1

2.7,18.8,1

3,18.4,1

3.3,18.1,1

3 . 6 ,17 . 8 ,1.

3.9,17.5,1

4.1,17.3,1

4.4,17.1,1

4.7,6.9,1

5       ,16.7,1

5.3,16.5,1

5.7,16.3,1

6.2,16.1,1

number   of   points   =   24
interval      [.2,   7.3]

®



CllRVE   FITTING   AND   INTERPOLATI0N

E(23)    F(23)    G(23)    ?   6.7,15.9,1

E(24)    F(24)    6(24)    ?   7.3,15.7,1

ENTER   x,y   scale   factors   ?   1,1
ENTER   tolerance   ?   8
ENTER   maximum   degree   ?   1¢

ENTER   tolerance   ?

scale   factor   x  =  1     y  =  1

tolerance  =  0
maximum   degree   =   10
degree   of  polynomial   is   5
coefficients   (in  descending  order)
-5.4¢%9907256268D-06

1.72434804771512D-03     -47389369009
4188D-02      .558221¢64403478   -3.475-
68158279705
24 . 976952¢5¢8887

standard   deviation   =  1.91369¢75328
112D-¢2
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1NPUT

VARIABLE DESCRIPT10N VALUE

PFTRP1PFTRP2 maximum   harmonic   order   to   be

>¢
considered
tolerance

PFTRP3 number   of   base   points   (N)
x(N)  ,F (N) N  base   points  and   function

values

OUTPUT

P1! number   of   harmonics   computed
K   =   ¢,1,...P1!-10=correctcalculation1=maximumharmonicorderotherthann¢,|...PwhereP=ZforNeven,P=N-1forNodd23=tolerancenegative/G(P1,  )  ,H(P1!) coefficients  ak  and  bk

E(P1  !  )P least  squares  error  at  step   k;
if   N   is   even   and   P1!   =   M+2   then
a   dummy   value   of   9D99   is   returned
for   E(M+1)

see   FUN.    value   1
FUN. Return   Status



CURVE   FITTING   ANß   INTERPOLATI0N



TEST    PFmGRAM   FOR SLFTRP.   and   SLFOUI.

TEST    PROGRAM   NAME:                 RRFTRP

Note:       1n   this   program   after   the   calculation   of   the   coefficients   the
program   stops;    to   continue    press   CR.    lf   thea  "scale  code"  of
9D99    is    entered    it    is    possible    to    change    the   value   of   the
tolerance   and   if   an   argument   x  =  9D99   it   is  possible  to   change
the   "scale  code"

MERGE:       SLFTRP.    SLFOUI.

ENTER   number   of   points   ?   20
ENTER   interval   limits   ?   0,   38

X(1)    F(1)

X(2)    F(2)

X(3)    F(3)

X(4)    F(4)

X(5)    F(5)

X(6)    X(6)

X(7)    F(7)

X(8)    F(8)

X(9)    F(9)    ?

X(1ß)    F(1ß)

X(11)     F(11)

X(12)    F(12)

X(13)    F(13)

X(14)    F(14)

X(15)    F(15)

X(16)    F(16)

X(17)    F(17)

X(18)    F(18)

X(19)    F(19)

X(2ß)    F(20)

ENTER   tolerance   ?   9

number   of   points  =   20
interval     [0,   38]

tolerance  ¢

LINUM    {NUMERICAL   ANALYSIS)    USER    6ÜIDE     ,\'``'\

®



®

®

ENTER   max   harmonic   order   ?   1ß

SELECT    CODE    ?    1

maximum   harmonic   order   10

k

¢   ak=¢     bk=¢
error  at  order  0170

1    ak=3.0090002084744D-D7
b k=4 . ¢86 343
error     at   order   1   3.018

2   ak=-5.572950¢0386778D-07
bk= . ßgo¢00764120805
error  at   order   2   3.ß18

3   ak=-6.¢¢¢¢¢¢¢¢172685D-¢7
b k= . 48518 37
error  at  order  4   .664

4   ak=3.21345966410038D-16

bk=1  . 689416¢5D-16

error  at  order  4   .664
5   ak=2.¢¢¢¢¢¢¢¢28¢431D-¢8

bk=.2

error  at  order  5   .264
6   ak=6.0739380ß153443D-08

bk=0090001588739¢5
error  at   order  6   .264

7   ak=4.19999999978771D-07
bk= .1259615

error   at   order  7   .1053
8   ak=¢     bk=¢

error   at   order  8   .1053
9   ak=-5.1¢¢¢¢¢¢¢¢¢9114D-¢7

bk= .1 ¢25¢91

error  at   order   9   .¢¢¢2¢¢¢¢¢¢¢5
1¢   ak=¢     bk=.¢¢¢¢¢¢1

error  at  order  10  *******

interpolation
scale   codes
1      original
2     unit  spacing
3     radians
4     degrees



ENTER

ENTER

ENTER

ENTER

SELECT    CODE    ?    2

ENTER    X    ?    2

ENTER   X    ?    9D99

SELECT    CODE    ?    3

ENTER   X   ?   1.57¢7963

ENTER   X    ?    9D99

SELECT    CODE    ?

x=2   y(x)=.999999070212393   Codel
x=3   y(x)=1.44573944215214   Codel

x=4   y(x)=1.999996988373ßl9   Codel

x=2   y(x)=1.99999698837309   Code2

x=1. 57¢7963

y(x)=4.999997796555%   Code

ü



URVE   FITT"G   AND   INTERPOLATI0N

FOURIER   INTERPOLAT10N

Evaluation   of   the   Fourier   approximating   expansion

=__

1NPUT

VARIABLE DESCRIPT10N VALUE

PFOU11 scale   code 1   =  original
PFOU12 abscissa  of   first  observation 2  =  unit  spacing
PFOU13PFOU14 increment   between   two  successive 3   =   radians

abscissae   (H) 4  =   degrees
abscissa  to  be   interpolated

PFOU15 number   of   observations   (N)
PFOU16G(M+1) , maximum   harmonic   order   of   Fourier

expansion   (M)
Fourier  Coefficients  for  cosines

H(M+1  ) and  sines   respectively

OUTPUT

C value   of   Fourier   expansion

0  =  correct   calculation1=scalecodeotherthan1,2,3or42=no.ofobservationsotherthanaposi-tiveinteger3=maximumharmonicorderotherthang,1...P,whereP=gforNeven,P=¥forNoddFUN. Return   Status



u

®

CALLING   SEQUENCE      GOSUB   43401

METHOD  See   Appendix  A

CALLED   SUBROUTINES

Note

For   the  test  program   for   this   subroutine  see  SLFTRP.

a;±:Hffi!R. ;acs<x2#eyä6L§~`  z$
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CURVE   FITTING   AND    INTERPOLATI0N

LA6RANGIAN   INTERPOLAT10N
=--

To  calculate,   for  a  given  set  of  n,   arbitrarily  spaced  data  points

(:±;}±¢ia:  =a::::.ti:;u::et::e::;::e:::n::  the  Polynomial  of  deg"

INPUT

VARIABLE DESCRIPT10N VALUE

PPLYF1 number   of   points   (N)
X(N),Y(N) glven   x,y   values

OUTPUT

E(N)FUN. coefficients  of  interpolating

0  =  correct  calculation1=twoxvaluesequal.DenominatorA.equalszero](seeMethod)2=numberofpointsotherthanaposi-tiveinteger
polynomial   in  ascending  order
Return   Status



CALCULATI0N         H(N)

CALLING   SEQUENCE     GOSUB   43601

METHOD  See   Appendix   A

CALLED   SUBROUTINES

Nüff¥üÜÜEffiffl*

®



TEST   PROGRAM   FOR                   SLPLYF.

TEST    PROGRAM    NAME:                  RRPLYF

MERGE:        SLPLYF.     SLPLRR.

ENTEF{   number   of   points   ?    11

ENTER   interval   limits   ?   -5,5

X(1)    Y(1)    ?    -5,199¢¢

X(2)    Y(2)    ?   -4,-525

X(3)    Y(3)    ?   -3,-96

X(4)    Y(4)    ?   -2,-15

X(5)    Y(5)    ?    -1,¢

X(6)    Y(6)    ?    ¢,15

X(7)    Y(7)     ?    1,¢

X(8)   Y(8)    ?    2,-51

X(9)   Y(9)    ?    3,¢

X(1¢)   Y(1¢)    ?    4,555

X(11)   Y(11)     ?    5,24¢¢

number   of   points   =   11
interval      [-5,   5]

coefficients   of  polynomial

®

order         coefficient
10                 -1.0842021724855D-19

9                    4.3368¢8689942¢2D-19
8¢
7                    1. 38777878078145D-17
6                 -2.77555756156289D-17

51

41



®
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CUBIC   SPLINE

To  determine  the  interpolating  cubic  spline  for  the  given  data  set

1NPUT

VARIABLE DESCRIPT10N VALUE

PCSPC1 number   of   data   points   (N)
PCSPC2 2nd  derivative  at  the  first  point
PCSPC3 2nd  derivative  at  the  last  point
F(N),G(N) x,y  data   values

OUTPUT

E(N-1,4)FUN. matrix  of  coefficients  of  cubic
See  Method¢=correct  calculation1=datanotincreasingorderofx2=numberofdatapointsotherthanapositiveintegerspline   (i.e.   E(1.1)   =  a3   ...::::::;t:fls

CALLING    SEQUENCE      GOSUB   43801

METHOD   See   Appendix   A

CALLED    SUBROUTINES



CUBIC   SPLINE   INTERPOLATI0N

::::;,a±d=t:,:::.#;,yi;:v=]:;:;.t:ea::b:cS::]::e]:::r::±a:r<yx:Ub±CS

lNPUT

VARIABLE DESCRIPTloN VALUE

PCSP11 number   of   data   points   ::N)

i=1,...'N

PCSP12 value  to  be  interpolated
F(N)  ,G(N)E(N-1,4)

:ä:¥i±::::t:a::e:nterpoiatory
cubics   in  descending  order
(i.e.    E(I,1)    =   a3...E(1,4)    =   a¢)

OUTPUT

P value  of  cubic   spline  at   x
0  =  correct  calculation1=datanotinin-creasingorderofx2=numberofdatapointsotherthanapositiveinteger3=xoutsidetherangeofgivenxvaluesFUN. Return  Status

CALL]NG    SEQUENCE      GOSUB   44¢¢1

METHOD   See   Appendix   A

CALLED    SUBROUTINES

10-24
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URVE   FITT"G   AND   INTERPOLATI0N

Note

For   the  test  program   for   this   routine  see   SLCSPC



TEST   PROGRAM   FOR                SLCSPC.   and   SLCspl.

TEST    PROGRAM   NAME:                 RRSPC

Note:       The   test   program  uses   SLCSPI.   to   evaluate   the   cubic  spline.
In   this   program   if   the   i   value   to   be   interpolated   (PCSP12)   is
equal   to  9D99   the   data   values   (xi,yi)   can   be   changed

MERGE:      SLCSPC.     SLCSP1.

ENTER   number   of   points   ?   8
ENTER   interval   limits   ?   0,   7

ENTER    y"(xT).y"(Xn)     ?    2.2
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RATI0NAL   FUNCTI0N   FITTING

(PADE '   APPROXIMAT10M)

+:-+     +         ++

To  calculation   the  coeff icients  of  the   rational   function   (a   quotient
of  two  polynomials   of   specified   degree)   which   best   approximates   a   given
function  on  an   interval

1NPUT

VARIABLE DESCRIPT10N VALUE

PPADE1 degree   of   the   numerator   (M) <10
PPADE2 degree   of   the   denominator   (N) <10
PPADE3E(M,N+1  ) to  enter  Taylor  coefficients  set

PPADE3   =  1   to   enter   derivatives
set   PPADE3   =   2

coefficients  of  Taylor  series   or
de r i vat i ves

OUTPUT

F (M+1  ) coefficients  of  numerator

0  =  correct   calculation1=impossibletosolvethesystem2=degreeofnumeratorordenominatorotherthanapositiveinteger<103=PPADE3otherthan1or2
G(N+1  ) coefficients  of  denominator
FUN. Return   Status

LINUM    (NUMERICAL   ANALYSIS)    USE
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CALCULATION         H(N),    0(N+1),    P(N,M+1)

CALLING   SEQUENCE      GOSUB   44201

METHOD  See   Appendix  A

CALLED   SUBROUTINES

®

r\



TEST   PROGRAM   FOR                 SLPADE.

TEST    PROGRAM   NAME:                RRPADE

Note:       1n  this  program   if  the  argument  x  or  the   centre  point  =  9D99   it
is    possible    to    delete   the   f (x)    function   and   the   sum   of   the
degrees  of  the  numerator  and  the  denominator  must  be  <  1¢

MERGE:      SLPADE.    SLPLRR.

ENTER   1    (coeffs)   or   2   (derivs)
?2

ENTER   degree   numerator   ?   2
ENTER   degree   denominator   ?
ENTER   derivative   of
ENTER   derivative   of
ENTER   derivative   of
ENTER   derivative   of   order
ENTER   derivative   of   order
ENTER   derivative   of   order

ENTER   centre   point   ?   ¢

degree  numerator  =  2
degree   denominator  =  3

degree  of  the   numerator   is   2
coefficients   in  descending  order
.05       .4      1

degree  of  the   denominator   is  3
coefficients   in  descending  order
-1.66666666666666D-¢2      .15     -.6      1

evaluation
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11.  NUMERICAL  INTEGRATION  AND
DIFFERENTATION



AB0UT   THIS   CHAPTER

This     chapter     contains     subroutines     for    the    solution    of    problems     in
Numerical   lntegration  and  Differentiation.

CONTENTS

SLITEQ.      Integration   of   a
Tabulated   Function
(Equal   Spacing)

il -il

SLDTEQ.      Differentiation   of        11-5
a   Tabulated   Func-
tion   (Equal   Spa-
cing)

SLDIFF.      Differentiation   of        11-9
a  Non-tabulated
Function

SLROMB.       Romberg   lntegration      11-13

SLGAUS.       Guass   -Legendre

Quadrature

SLLAGU.       Guass   -Laguerre

Quadrature

11 -16

11 -19

u

U

U



INTEGRATI0N   0F   A   TABULATED   FUNCTI0N

(EQUAL   SPACING)

1ntegration  of  a  tabulated  function  for  equally  spaced  abscissae
(xi,yi'    i   =   1  ,...,    N

lNPUT

VARIABLE DESCRIPTI0N VALUE

PITEQ1PITEQ2X(N+,) ' number   (N)   of   equally   spaced
abscissae   minus  1;   i.e.   the
number   of  subdivisions   in  the
interval.   N  must  be  a  positive
integer>P   (order  of  quadrature)
order   of   quadrature   P   =  1,2...8
but   if  N<8   then   P<N
the  N+1   abscissae  and  ordinates

Y ( N+1  ) of  the  tabulated  function   (in
ascending  order   of  X)

OUTPUT

11 value  of  the  integral

0  =  correct  calculation1=orderofquadratureotherthan1,2...,82=invalidnumberofsubdivisions3=datanotequallyspaced4=startinterval>=end
R order  of   quadrature   on   remainder

FUN. Return  Status



PITEQ2(P+1);   stores   the   coefficients   of   the   quadratureCALCULAT10Noftheformula

CALLING    SEQUENCE      GOSUB   444¢1

METHOD  See   Appendix   A

CALLED   SUBROUTINES



NUMERICAL    INTEGRATI0N   AND   DIFFERENTIATI0N

TEST   PROGRAM   FOR                  SLITEQ.

TEST    PROGRAM   NAME:                 SLITEQ

MERGE:       SLITEQ.

1NTERVAL    LIMITS    AND    No.    OF

SUBDIVIS10NS    ?    ¢,5;    1¢

X(1)   Y(1)

X(2)   Y(2)

X(3)   Y(3)

X(4)   Y(4)

X(5)   Y(5)

X(6)   Y(6)

X(7)   Y(7)

X(8)   Y(8)

X(9)   Y(9)

0,0
. 5 , . 25

Ln
1.5,2.25

2,4
2 . 5 ' 6 . 25

3,9
3 . 5 ,12 . 25

4'16

X(1¢)   Y(")    ?   4.5,2¢.25
X(11)    Y(11)     ?    5,25

ENTER    0RDER    0F    QUADRATURE    ?    1

ENTER    0RDER    0F    QUADRATURE    ?    2

ENTER    0RDER    0F    QUADRATURE    ?    3

ENTER    0RDER    0F    QUADRATURE    ?    7

INTERVAL       [ß    5]   1¢   SUBDIVISI0NS

ORDERI     QUADRATURE    10    SUBDIVISI0NS

VALUE    0F    INTEGRAL=41.875

0RDER2    QUADRATURE    10    SUBDIVIS10NS

VALUE   0F    INTEGRAL=41.6666679084301

0RDER3    QUADRATURE    9    SUBDIVIS10NS

0RDERI     QUADRATURE    REMAINDER

I    SUBDIVIS10NS

VALUE    0F    INTEGRAL=41.6875

0RDER7    0UADRATURE   7    SUBDIVIS10NS

0RDER    3    QUADRATURE    REMAINDER





NUMERICAL    INTEGRATI0N   AND   DIFFERENTIATI0N

DIFFERENTIATloN   0F   A   TABULATED   FUNCT10N
(EOLIAL   SPACING)

11

INPUT

VARIABLE DESCRIPT10N VALUE

PDTEQ1PDTEQ2X(N+,) , number   (N)   of   equally   spaced

1   =  first  derivativeOnly2=firstandsecondderivatives

abscissae   minus  1   i.e.   the
number   of   subdivisions   in   the
interval.   N  must  be  an   integer
>=5
derivative  evaluationstheN+1abscissaeand ordinates

Y ( N+1  ) of  the  tabulated  function

OUTPUT

S ( N+,  ) , first  and  second  derivative  at

0  =  correct   calculation1=PDTEQ2otherthan1or22=no.ofsubdivisionsnotaninteger>53=datanotequallyspaced4=startinterval>=end

Q ( N+1  )FUN. each   of  the  N+1   base  points   Q(   )
is   returned   only   for   PDTEQ2   =   2
Return  Status



CALCULATioN     ::r}L]:(   )   St°re   the   Coefficients   of  the   difference

CALLING    SEQUENCE      GOSUB   446¢1

METHOD  See   Appendix   A

CALLED   SUBROUTINES
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CAL    INTEGR I0N   AND   DIFFERENTIATI0N

TEST   PROGRAM   FOR                  SLDTEQ.

TEST    PROGRAM   NAME:                 SLDTEQ

MERGE:       SLDTEQ.

ENTER    INTERVAL    LIMITS   and

NUMBER    OF    SUBDIVISIONS    ?

0,    5,    1ß

X(1)     Y(1)

X(2)    Y(2)

X(3)    Y(3)

X(4)    Y(4)

X(5)    Y(5)

X(6)    Y(6)

X(7)    Y(7)

X(8)    Y(8)

X(9)    Y(9)

¢¢
• 5 ' . 25

1,1

1.5,2.25

2,4
2 . 5 ' 6 . 25
3,9
3 . 5 ,12 . 25

4,16

X(1¢)    Y(1ß)    ?   4.5,2¢.25

X(11)    Y(11)     ?    5,25

ENTER1     (Y')    OR    2     (Y'&Y")     ?    1

1NTERVAL   [¢   5J       1¢   SUBDIVISIONS

1             Xi             Yi

100

2             .5          .25

511

4            1.5      2.25

524
6            2.5      6.25

739
8            3.5      12.25

9416



i       xi         yi   ,
1¢¢

2             .5          .25

311

4            1.5      2.25

524
6            2.5      6.25

739

8            3.5      12.25

9416

10        4.5      20.25
11          5             25

ENTER1     (Y')    OR    2     (Y'&Y")     ?    2

ENTER1     (Y')     OR    2     (Y'&Y")     ?

OLINUM    (NUMERICAL   ANALYSIS)    USER    GUIDE



NUMERICAL    INT

DIFFERENTIATloN   0F   A   NON-TABULATED

FUNCTI0N

®

®

®

111
Evaluation  of  the  first  and  second  derivatives  of  a  user-defined
function  given   in  non-tabular   form

INPUT

VARIABLE DESCRIPT10N VALUE

PDIFF1PDIFF2PDIFF3 point  at   which  derivatives  are  to

1   =  evaluate  firstderivativeonly2=evaluatefirstandsecondderiva-tives

be   evaluated
increment   (H)   used   in   5-point
central   difference   formula   H  must
be  positive
derivative  switch

OUTPUT

D1  'D2FUN. first  and  second  derivatives  of

0  =  correct   calculation1=incrementnon-pos-itive2=PDIFF3otherthan1or2

the   function   at   PDIFF1.   D2   is
returned   only   for   PDIFF3   =   2
Return  Status



CALL]NG    SEQUENCE       GOSUB    448¢1

METHOD    See   Appendix   A

CALLED    SUBROUTINES

Notes

1.   The   function   to  be   differentiated  must  be   included   in   the   calling
program   as   FNF.

For   example:

2¢       DEF    FNF(X)    =   X   *   X

would   describe   the   function   f (x)   =   x2

2.   The   increment   H   is   set   by  the   user   and   the   following   rules   will   give
accurate  results:

h>g.005  to  evaluate  the  first  derivative  only
h>@.%   (minimum)   to   evaluate   both   derivatives

®



®

TEST   PROGRAM   FOR                  SLDIFF.

TEST    PROGRAM   NAME:                 SLDIFF

Note:       User   defined   function:
20   DEF   FNF(x)    =   x*x

MERGE:       SLDIFF.

ENTER    INCREMENT    ?    005

ENTER   1(f')    or   2    (f'&f")    ?   1

ENTER    START,END,STEP    ?

1'    2.¢5'     .1

ENTER    INCREMENT    ?     .06

ENTER   1     (f')    or   2    (f'&f")    ?   2

ENTER    START,END,STEP    ?

1,1¢'    1

1NCREMENT   =    .005

x                f(x)                 f'(x)
•00           2.ß0                4.00
.10            2.43                 4.63

.20           2.93                 5.32

.30           3.5¢                6.03

.40           4.14                 6.88

.50           4.88                7.73

.60           5.70                8.88

.70            6.61                  9.62

.80           7.63              10.72

.90            8.76               11.83

•00         10.00              13.00

INCREMENT   =    .06

x                f(x)
1.00         1.00
2.00        4.00
3.00        9.00
4.00      16.9ß

5.¢¢     25.¢¢

f'(x)                f"(x)
2.00                   2.ß
4.00                  2.0
6.00                    2.0
8.¢0                  2.0

10.00                   2.0
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NUMERICAL    INTEGRATI0N   AND   DIFFERENTIATI0N

®

®

®

ROMBERG   INTEGRAT10N
_   ___                                                                                                                                                                                                                                               __-_-

Integration  of  a  user-defined  function   in  non-tabular  form  i.e.   evalua-
tion  of

.'`:
/(#) d„

where   f (x)   is   defined   on   the   interval    [A,B]

INPUT

VARIABLE DESCRIPT10N VALUE

PROMB1  , start  and  end  of  interval  of
PROM82 integration   PROM82 >PROMB1

PROM83PROM84 maximum   number   of   lines   of
triangular   scheme  to  be
calculated
tolerance

OUTPUT

11 value  of  the  integral

0  =  correct  calculation1=tolerancenotreachedafterPROM83iterations2=PROM83notaposi-tiveinteger3=tolerancenotposi-tive4=startofinterval>end

K!FUN. number  of  lines  of  triangular
scheme   calculated
Return   Status

11 -13



®
CALCULATI0N         W(PR0M83+1,    PROM83+1),    S

CALLING   SEQUENCE     GOSUB   45001

METHOD  See   Appendix   A

CALLED   SUBROUTINES

Note

The   function   to   be   integrated  must  be   included   in   the  calling  program
as   FNF.   For   example   f (x)   =   ex   would   be   coded   as

DEF    FNF(X)    =   EXP(X)

OLINUM    (NUMERICAL   ANALYSIS)    USER   GUID
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TEST   PROGRAM   FOR               SLROMB.

DIFFERENTIATI0N



GAUSS   -   LEGENDRE   QUADRATURE

lntegration  of  a  user-defined   function  given   in  a  non-tabular  form  i.e.
evaluation Of      /:f(xM"-

where   f (x)   is   a   function   defined   on   the   interval      [A,B]
1,-._  ___,  __   -_r-._ _ _ ___  ___       i_LiJ_   -_   L-' _  -                               -

1NPUT

VARIABLE DESCRIPT10N VALUE

PCAUS1 order   (N)   of   quadrature N   =   2,3...16,24,48

PGAUS2X(I),W(1) start  and  end  of  interval   of
integration   B>A
zeros   of   the   LEGENDRE,   poly-
nomials   and   corresponding   weights
J  -1,  . . .  ,1ß7.

7±:'±-iLÖ'       to       (®¥Ld')-l,   where   i'

is  the  integer  part  of   (i+1)/2  is
data   relevant  to  an  order  N  quad-
rature.   Data   is   read   from   WEIGH1

(as  shown   in  the  test  program)

OUTPUT

19 value  of  lntegral
0  =  correct  calculation1=invalidorderofquadrature2=startofinterval>endFUN. Return  Status
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CALLING    SEQUENCE      GOSUB   452¢1

METHOD  See   Appendix  A

CALLED   SUBROUTINES

Notes

1.   The   user-defined   function   f(x)   mus2  be   included   in   the   calling  pro-
gram   as   FNF.   For   example,    f(x)   =   x     would   be   coded   as

DEF    FNF(X)    =   X   *   X

2.   The  abscissae  and  weight  factors   for  Gaussian   integration  are  taken
from:   M.   Abramowitz   and   1.   Segun   -Handbook   of   Mathematical   functions
(page   916   -917)

®



TEST   PROGRAM   FOR               SLGAUS.

TEST    PROGRAM   NAME:             SLGAUS

Note:    1n   this   program   if   the   order  of   quadrature (PGAUS1)    =   9D99    it  is

possible   to   change   the   start   and   end   of   the   interval   (PGAUS2).
User-defined   function:
2¢   DEF   FNF(x)    =   SIN(x)

MERGE:   SLGAUS.

ENTER    START,END    0F    INTERVAL    ?

0,    3.14159265
ENTER    0RDER    0F    QUADRATURE    ?    3

ENTER    0RDER    0F    QUADRATURE    ?    5

ENTER    0RDER    0F    QUADRATURE    ?    9D99

ENTER    START,END    0F    INTERVAL    ?

ORDER3    QUADRATURE

INTERVAL       [ß   3.14159267]

VALUE   0F    INTEGRAL   =   200138897538472

0RDER5    QUADRATURE

INTERVAL       [¢   3.14159265]

VALUE   0F    INTEGRAL   =   200000018615244
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GAUSS   -   LAGUERRE   QUADRATURE

To  evaluate
o®e

-af(")h   Or

ÄND   DIFFEREM

/
a}

f (") h

=
where   f(x)   is  a   user-defined   function   in  non-tabular   form

1NPUT

VARIABLE DESCRIPT10N VALUE

PLAGU1 order   of   quadrature   (N)
]  :  :1!,::;;¢  Only2=f(x)1=1,.''54seeMethodPLAGU2 type  of  integrand

X(1), zeros   of  the  Laguerre  polynomials
W(1,1  ) ' and   corresponding   weights   W  and
W(1,2) „   J-?±ilG     to     (,fi6)-l

is  data   relevant  to  an  order  N
quadrature.   Data   is   read  from
WEIGH2   (as   shown   in   the   test

program)

OUTPUT

19 value  of   integral
0  =  correct  calculation1=invalidorderofquadrature2=typeofintegrandotherthan1or2FUN. Return  Status



0
CALLING    SEQUENCE      GOSUB   45401

METHOD  See   Appendix   A

CALLED    SUBROUTINES

Notes

1.   The   user-defined   function   f(x)   must   be   included   in   the   calling  pro-

gram   as   FNF.    For   example,    f (x)   =   ex   would   be   coded   as

DEF    FNF(X)    =    EXP(X)

2.   The  abscissae  and  weight  factors   for  Laguerre   lnterpretation  are  taken
from:   M.   Abramowitz   and   1.    Segun   -Handbook   of   Mathematical   Functions

(page   923)

oLtNUM    {NUMERICAL   ANALYSIS)    USER   6UIDE
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INTEGRATI0N   AND   DIFFERENTIATI0N

TEST   PROGRAM   FOR               SLLAGU.

TEST    PROGRAM   NAME:              SLLAGU

Note:     In   this   program   if   the   order  of   quadrature   (PLAGU1)   =  9D99   it   is

possible  to  change  the  type  of   integrand.

User-defined  Function
2¢   DEF    FNF(X)    =   EXP(X)

MERGE:    SLLAGU.

ENTER    TYPE    0F    INTEGRAND    ?

ENTER    0RDER    0F    QUADRATURE

ENTER   0RDER   0F    QUADRATURE    ?   4

ENTER    0RDER    0F    QUADRATURE

ENTER    TYPE    0F    INTEGRAND    ?

ENTER    0RDER    0F    QUADRATURE

ENTER    0RDER    0F    QUADRATURE    ?    10

ENTER    ORDER    0F    QUADRATURE    ?    11

ENTER    0RDER    0F    QUADRATURE    ?

ORDER3    QUADRATURE    TYPE    I

VALUE   0F   INTEGRAL   =   1.9999998738314

0RDER4   QUADRATURE   TYPE   I

VALUE   0F   INTEGRAL   =   2.000000%72526

ORDER5    QUADRATURE    TYPE    2

VALUE   0F    INTE6RAL   =   1409.3774

0RDERIO    QUADRATURE    TYPE    2

VALUE   0F    INTEGRAL   =   14133.204

0RDER11     QUADRATURE    TYPE    2

0RDER    0F    QUADRATURE    2,    3...10   0NLY



u
u

U

U

u
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12.  ORDINARY  DIFFERENTIAL  EQUATloNS



AB0UT   THIS   CHAPTER

This     chapter     contains     a     subroutine      for     the     solution     of     Ordinary
Differential   Equations.

CONTENTS

SLEROM.       Integration   of   Dif-      12-1
ferential   Equations
(Euler-Romberg
Method) U

u



ORDINARY   DIFFERENTIAL   EQUATI0NS

INTEGRATloN   0F   DIFFERENTIAL   EQUAT10NS

(EULER   -   ROMBEF`6   METHOD)
T=

::f:::::::::  ::::t::n:n:::¥a:n!:9;:i!o:d:¥::::  °f  first  order  ordinary
„',.(#)  -/, [#, „, (a,) ,..., ;N(a.)]

y,(x,,)--yo          b--\ ,..., N
or  an  Nth  order  ordinary  differential   equation   with   initial   conditions

2/W'(a;)   ±  g[a.,  y(a;),  3/'(a;`) ,..,  yw-lt(a;)]

y,x(,)--yu   ,    J#-y.        d--\ ,..., N-1

INPUT

VARIABLE DESCRIPTI0N VALUE

PEROM1  , start  and  end  of  interval   of
PEROM1   =   Xg1=firstorder   systemPEROM2 integration,    PEROM1  < PEROM2

PEROM3PEROM4 number   of   points  at  which  the
solution   is  to  be  calculated   i.e.
the   step   size   h   =   (PEROM2   -
PEROM1)/PEROM3   and   the   solution
is   given   at   X¢+h,   X¢+2h, . . . ,
PEROM2

order  of  system/equation   (N)
PEROM5PEROM6 maximum   number   of   step-size

halvingstolerance,   PER0M6>i¢-9

PEROM7Y(N) system/equation  switch;:e,#:i:11:,:,::i::Sytii.
2  =  single,   higher

order  equation

(X¢),    i   =   ¢,1,  .  .  .  'N-1

Y(   )   is   destroyed   during
calculation



OUTPUT

S ( PEROM3 ,

N+1)

solution   at  each   of  the  PEROM3

points   requested.   S(1,J),   J=1,

!i.i:i!:;:s::::::;!f=:;:::i!::
PEROM3   equals   zero   if  the   requir-
ed  tolerance  has  been  reached
for  the  solution  at  XI,   and  equal
unity  if  not.
total   number  of  system
evaluations
Return   Status 0  =  correct  calculation

1   =  start  of  interval
>end

2  =  order   other   than   a
positive  integer

3   =   maximum      number      of
step-size  halv-
ings    other     than  a
positive  integer.

4  =  number  of  points
other  than  a  posi-
tive  integer

5  =  :;!8rance  less  than

6   =   PEROM7   other   than   1
or2

CALCULATION
VEROM3 (N , 22 )  , VEROM2 (N)  , H9 , K2 !  , K4 , K8 , J1  !  , J4 !  , X , X2 , PB1, P82

CALLING   SEQUENCE    GOSUB   45601

METHOD    See   Appendix   A

CALLED   SUBROUTINES

NÜM   (k-UMERICAi   ANAL+5
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Note

The   user   must   include   the   system  of  first  order  equations  or  the  single,
higher   order   equation   in   the   calling  program  as  a   subroutine  whose   first
line   is   the   line   20.   For   example,   the   system:

2
y'1    =   y   1    y2

-1
y'2 = -

y,

would   be   coded   as:

2¢   F(1)    =      Y(1)    *   Y(1)    *   Y(2)

3¢   F(2)   =   -1/Y(1)

40    RETURN

The  second   order   equation

y"  = ±'  -y
X

would   be   coded   as:

2¢   F(2)    =   -F(1)/X   -Y(1)

3¢    RETUP.N

2-3



TEST   PROGRAM   FOR               SLEROM.

TEST    PROGRAM   NAME:              SLEROM

User-def ined   system

Note:       2¢    (F1)    =   Y(1)^2*V(2)
3¢   (F2)   =   -1/Y(1)
4¢   RETU"
And   for   equation   (second   example)
2¢   F(2)    =   -F(1)/X   -Y(1)

4¢   RETURN

MERGE:    SLEROM.

ENTER1     (SYSTEM)    or    2    (EQUATI0N)

?1

ENTER    0RDER    ?    2

ENTER    INITIAL,    FINAL   X   ?   0,    3

ENTER    Y1     (¢)    ?    1

ENTER   Y2    (0)    ?    1

ENTER  #   OF   P0INTS   ?   30

ENTER   TOLERANCE    .000001

ENTER    MAX#OF    HALVINGS    ?    5

ORDER    2    SYSTEM

INTERVAL       [0   3]

1NITIAL   CONDIT10N

x=¢
Y1(x)    =    1

Y2(x)    =   1

1NTERMEDIATE    P0INTS    3¢

MAX   #  OF    HALVINGS    5

TOLERANCE    .000001

SOLUT10N    (see.next   page)



OUTPUT

1.,-. :`':1       =     ?     3='3':-,+:.-:.€,=e=€.T=

? LJ  1   1  3 + : +3 - 3 £.  1  T :  ',
:   ':      =    ?    €,£.e=i€.55'"315=

= - = 5 ?  1 r €. ? 5 ? = r ,=, €,

ENTER    INITIAL,    FINAL    X    ?     .1,    3,1

ENTER   Y    [0]   [.1]     ?    .99750156

ENTER   Y    [1]  [.i]     ?    -4.9937526d
-2

ENTER  #   OF   P0INTS    ?    30

ENTER    TOLERANCE    ?    .000001

ENTER    MAX#OF    HALVINGS    ?    5

``.`'     :     ::-.:      =        ,:,.5T:.T,]`:1alj+:55

3 .:: t:?    ;:. C ;  : '  ; i T  | ' .' r:    r= 1 .' i L '.: i T  :  : ti 5

1NTERVAL     [.1,     3,1]

1NITIAL    CONDIT10N

X=.1

Y    [-1]  [X]    =    .9975¢156

Y    [-1]  [X]    =   -.¢49937526

INTERMEDIATE    P0INTS    30

MAX#OF    HALVINGS    5

TOLERANCE    .000001



SOLUT10N

ENTER    INITIAL,    FINAL   X   ?

'.:     lJ     :1            ,       -          €"S1=,:,.=..3€,5,?€15?-

? = :3, € 9 = - , 5 0 ? ,-:, -:7 ? =
•'::     `!     :,    :`..:       =         ,-:,,€,=€.T?-S1.?,:t5.:,FJ

= €. 1:, t-, + = t,?, 5  1 +:, = - = S E,
•.!:     13    ...   ':.':,      =        r:13T:::-:?,L:t.TtT

- ,3 = € - € S = - = t- - -
-'-'      =         T.6S.:€:.:„€`?:T5`1F,-'.'    ,-.        ':`        :,       _        _

- + ,3 ¢ Li a L= 3 €. 3  `  = + =
'  ,:     ,J     '_,.,- `:       =          -:.5r:.==l:t`   1`3€€..:.I:,€.

- ? L3 € .3 : - `: €  `,  - - 3, .3 3
'',:     })     :,                   =         t.:,T1   :==T?FJ1   :,=`J,-`

- 9 €, = t]. € ,J - 5 r3  ' -  .  1  `
'i.':     i3     :    :     :      =        .::.:..::+::5-5:.3E,TE3

€ = = ya = = = .`_ - -? 3 - = = -
'.'.:     ,}     :     -_   ',       =           5r:.i.:==-..:.,::.=?:T.:.

3e@    :..:a:   .£-:{lc    El`.'ELLi£T:.:,tis
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A.  CALCULATION  METHODS



AB0UT   THIS   CHAPTER

This     chapter     contains     the     calculation     methods     used     by     the     OLINUM
subroutines.

CONTENTS

COMBINATORIAL    ANALYSIS                            A-1

SLCONN .

SLPRIM.

SLEUCL .

SLRFCO.

SLSUCO.

SLCFCO.

SLFACT.

SLBINO.

SLMULT .

SLDUPL .

ELEMENTARY    FUNCT10NS

SLRPCC .

SLPRCC .

A-1

A-2

A-2

A-3

A-3

A-4

A-4

A-5

A-5

A-6

A-6

A-6

A-6

ELEMENTARY    FUNCTI0NS

(COMPLEX)

SLCSIN.

SLCOS.

SLCTAN.

SLCASN .

SLCACS .

SLCATN .

SLCLN .

SLCEXP.

SLCRZ.

SLCZMZ.

SLCZDZ .

SLCSQR.

SLCZN .

A-7

A-7

A-7

A-8

A-8

A-8

A-8

A-9

A-9

A-9

A-9

A-10

A-10

A-10

u

U

U



SLCZA .

POLYNOMIALS

SLPLRC .

SLPLRR -

SLPRRR .

SLPLYM.

HIGHER    MATHEMATICAL

FUNCTI0NS

SL KMF .

SLEMF .

SLLAGG .

SLHNF.

SLHEN-

SLFOUR.

SLGAMA .

SLERF.

SLBJN.

SLIlgx.

SLSF .

SLCF .

SLCHYF .

SLGHYP-

SLSIF-

SLCINF .

A-11

A-11

A-1l

A-12

A-12

A-12

A-12

A-12

A-13

A-13

A-13

A-13

A-13

A-14

A-14

A-14

A-14

A-15

A-15

A-15

A-15

SLEIF.

SLEINF.

SOLUT10N    0F    EQUATI0NS

SLBAIR.

SLRBIS

SLNLIN.

LINEAR    ALGEBRA

SLCRO.

SLCHO.

SLJAC .

SLHES-

SLHEV.

SLCHA.

SLJCB .

CURVE    FITTING    AND

1NTERPOLATI0N

SLLLSQ.

SLNLLS .

SLFSYT .

SLFTRP .

SLFOU1.

SLPLYF .

SLCSPC .

SLCSPI .

A-15

A-16

A-16

A-16

A-16

A-17

A-18

A-18

A-18

A-18

A-19

A-19

A-20

A-20

A-20

A-20

A-22
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A-31
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SLPADE .
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SLITEQ.

SLDTEQ.

SLDIFF .

SLROMB .

SLGAUS.

SLLAGU.
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COMBINATORIAL   ANALYSIS

SLCONN.

Since   the   integer   and   fractional   parts  are  converted  separately  they  are
supplied   to   the   function   as   separate   parameters  so  as   to  allow  a  maximum
of   13   significant   digits    for   each.    The   digits   of   the   converted   number
will   each  be   represented  by  two  decimal   digits   for  bases  greater  than  10,
three    for   bases   greater   than   1¢¢,   and   so   on.    1nput   of   numbers   to   bases
greater  than  10  must  also  follow  this  convention.

Consider    conversion    from   base   10   to   base    b,    and    let    N    be    the   decimal
number   and   8   the   corresponding   number   to   base   b.

Let

IN'    1„    DN,    DB

be   the  whole  and   decimal   fraction   part  of  N  and  8   respectively.

Step   1:    Calculate   the   modulus,    m,    of base   b,    i.e.    the  smallest  power
10   greater   than   or   equal   to   10.    For   example,    the   moduli   of   2,    8   and
are  10,1¢  and   100   respectively.

Step   2: The   following   integral   divisions   are   carried   out:

IN/b   =   Qo,    remainder   Ro

Qo/b   =   Q,  ,    remainder   Rt

Division   terminates   when   Q   =   0.

Then

18  =    Ro  +    mR,  +    m2  R2+     ......     mn  Rn

Step   3:

DNx   b   =  j_,   (whole   part)   and   d,  (decimal   Part);

d,  x  b   =   i2  (whole   part)   and   d2 (decimal   Part);



The   operation   is   completed   when    dn=  2j   or   when  13   significant   digits   have
been  generated   for   E,  where

1                  12                   13                                    ln
DB=      ri      +      mTE-      +     riT      +    ....      ]T

To   convert   from  base   10,   the  above  procedure   is  `used  with   b  and  m   inter-
changed.   The  conversion  of  the   fractional   parts   is  completed  when  all   the
significant   lines  have  been  evaluated.   To   convert   from  base  bl   to  base  b2
(b,  'b2'#,¢) .
When    converting   to   a   base   6   through   9   the   last   digit   may   appear   to   be
incorrect   i.e.   equal   to   the   base,   due  to   rounding  up.   This  situation  can
also   occur   when   converting  to  a  base>10.

SLPRIM.

The   prime   factors   of   any   positive   integer   may   be   determined   by  dividing
by   2,    3   and   then   all   odd   numbers   between   5   and   the   square   root   of   the
number,    or   the   last   quotient   found.   The   number   is   prime   if  no   remainder
less    divisors    are    found.    1f   a    prime    number   occurs   more   than   once   as   a
factor,   the  appropriate  exponent   is   returned.

SLEUCL.

Euclid's   algorithm   is   used   to   evaluate   the   G.C.D   of   Nl   and   N2.   The   L.C.M
is   then   given   by   N1.N2/G.C.D.   Euclid's   algorithm   is   the   following   recur-
rence :

RL
lk  +  aT Ik        is  the  integral  part  of  the

quotient

Rk          is  the   integral   remainder

Pq+,          =Rk

qk+'         =Pk

Po           =   Nl

qo          =   N2

When   Rn=   ¢  ,    the   G.C.D.    is   given   by   qn  .

®

®

®



CALCÜLATI0N   METH0I)S

SLRFCO.

The   rat±ona]   fract±on  ä  may  be   represented  by  the   Cont]nued   fract±on

A111
5   =  bo  +   5:r   6:r    .   .   .    ir

where

b,   = (i),,  and   (i),  indicates  the  integer  part
rr.of   ;::T   and    r`,„      the  remainder  part  of  +

This  representation  terminates  after  a  finite  number  of  terms.

SLSUCO.

The  quadratic   surd,  |A,   may  be  represented  by  the  continued  fraction

V-D--boJ-

where

b,-- bo +  pl

9,.

111

b`+      b.2-                 bn+

(  ),    denotes  the  integer  part  of  the
expression   in  brackets.

Pi -bi-\   qi -pi-l

q i --  ( D  -  p . .0- ) 1 q i - \

bo-(V-D,I

Pt' - 0

9„-1

This  representation  is  non-terminating,   but  repeats  after  a  finite
number   of   terms.



SLCFCO.

Given   the   continued   f raction

a\         a.2         asbo + f f T= . . .

the  first  convergent   is  given  by

bo++,

the   second  by

bo++   %,

and   so   on.

The   successive  convergents  are   calculated   using  the   following   recurrence:

pi --b,   pi+ + a`  pi-.2

qö ,,-- b`   qi+=  ai   qi -..-

po -- bo    .  p -,--,

go±i,g_L±o                     The   ith  convergent   is  then      a
Pi

SLFACT.

N!    is   evaluated   in   accordance   with   N(N-1)    (N-2)...2.1.

N!     may    only    be    evaluated    for   N  <170   since    larger    values   would   cause
numeric   overflow,    i.e.    N!      1.797693134862D   308

Stirling's   Formula   for   LnN!   is   the   following:

ln   N!    =   ln   2   +   ln(N+.5)   -N   +   1n   k,

where

OLIHUM    (NUMERICAL   ÄNALYSIS)    USER

O
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ALCULATlüN  ME"ODS

1                              1                                139                                  571

1:).\'            288 +\'.2           51810.`'3           2488320  Z.
A.  -  L  -

-l+i(lL (+ - T±
-139              1

30                12 +\' (=))))

This  approximation  of   lnN!   is   useful   for   large  values  of  N.

SLBINO.

(:)   FT#
is  evaluated  using  the  recurrence:

(:)-(r:1)      (
n-r+l

r,

(:)   =   1

Eg±:  (:)  -  (n:r)

SLMULT.

(?,  ;  ?'1  ,,,,.2 ,...,   ?,.`)    -

•,,!                        (,,'1   +   1)(',1+2)...?'

?,1!„.2'...   ',.''                       ?'.2't."!...„..!

where
.\_

„  -  cii 7}`

is  evaluated  using  the   following   recurrence:

p('  -   L   '   gL  -  7}2

for      c.  =   ],  2 ,...,  6.

p j -- p j - l  (q i + j ) l j

P u -- P ' 1 .
I

j   ,,-   1,  `2 ,...  `  1V,



91.+1   -9'-+   7!,+1

(7} ;   n„  7a.2 ,...,   n.3)   ±  pn .

SLDUPL.

pL. -  1 -

111=

Pn-k-\

'!1.

(" -1) (" -2)  . . .  (" -L--1)
„*-1

L,  -   1'  2 ,...,  7'

is  evaluated  using  the   recurrence:

bo-1

b,-=
7L

•b,-1                8.-l,2 ,...,  Ä;.-l

pk -  1 -bk-L

ELEMENTARY   FUNCT10NS

SLRPCC.

Given.  z   =   x   +   iy,   then:

-Q- x2.  +   y2    (modulus)

-Ö=    atn    (¥)   (phase)

SLPRCC.

Givenz=        ©e£Ö        ,then:

x=gcosü        (realpart)

y=9sinü        (imaginary  part)

OLINUM    (NUMERICAL   ANALYSIS)    USER   6UIDE   `^:`:
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ELEMENTARY   FUNCT10NS    (COMPLEX)

SLCSIN.

-   rectangular  coordinates:

Sin 3   ±  sin(.L.  -®. v)

±  sin .t. cosh y  T  !. sinh y t.os .t.

ey  -  e-y
-  sin .1'

-polar  coordinates:

-L  -  Q etö

--  Q C.os  Ü  -  i  Q sin  iü

-  .r  +  i !1

-   '  C.OS  .t.

:  sin =  ;   ±  v'±(c.osh

ph (sin :)  ±  ar(.tan

•2 u  -cos .2 .x|

(-::i`:-

SLCOS.

-rectangular  coordinates:

e'J  - e-'y

COS ~L  --  COS(.X  -  i  y)

=  cos .t. eosh y - .. sin i. sinh y

-  COS .t.
ey   +  e-,U

-polar  coordinates:

z - p ei3

±  Q coS  Ö  -  i  Q sin iö

-- x L i y

1  eos 2 ;  - V/

L  t. sin `t.

!(cosh 2 y  -  cos 2 .t;.

i]h (cos :)  ±  arc.tan

(i-=)

sin.L.         sinh y

cos r        cosh



SLCTAN .

-  rectangular  coordinates

tan(=)   -tall( .,-.  +  2...,/)

sin(2  .t.)

t.,os(2 .t.)  +  cosh(i' ti/)

-  polar  coordinates

z  --  Q , , uR

-   r)  c.o*  ;)   .--   i   1-'  si,.\  J

=   .r   -  Z  !1

(.,,'`11  2  „  -  (.,JS  =)  1,`
tall  =

(,(,`h  L,  .7,   -  (.o*  ±  .,

i>h\tan  : )  ±  ai.c.tan  (

SLCASN.

sil\]l   L`   '/

sill  2  .1

sinh(2LV)

(.o,s\2 r)  +  eosh(2  J/)

~~ -- .r  + i y

ai.esin :  ±  ar(.Sin p  +  €. in(Cf  +   (Ct2  _  i)i'2)

where

cc   ±   ±((.L.  L   |)2  L  y2)1/'2  i   ±((.t.  _  |)2  +  „2)1,.2

and

P  ±   ±((.t.  L   |)2  _  `!/2)1,'2  _  ±((.t.  _  |).2  L  „2)1/2

SLCACS.

•--.r + i 1,

arcsin =  =  arccos p  -€. in(Ct  L   (Ct2  _  i)i,2)

wher.e

C/   ±   ±((.t`  L   i)2  T  y2)iJ'2  L   ±((a.  _  |)2  L  „2)1.2

and

¢  =   ±((`t.  _   |)2  _  „2)1`2  _  ±((.r  _  |)2  +  „2)12

SLCATN.

1

al.(.tan =  -  --al,(.tall
2

~: - x  + i y

L).r

L  - .t.2 - "2 +,11(
•t.2   -(y   L   1).2

•t.2  -   (y -  1 )2
2e ±  - 1

®

®



CALCULATI0N   METHODS

SLCLN.

log(2)  -log(.Z.  -'' „)  -log(\/

-_  --  o e i 3

i  log. =  1   -  V (log.  g):  -   „±

ph(log:)  ±  ai`ctan

SLCEXP.

--  -  x  +  i !1

e `-  --  e r e i , ,
--  p` cOs ,y  +  t eJ s;ln y

•---  Q e , S

e----;eiö
o,.\,sS

e: ,  -  e

ph(e=)  -g sin  ,,

SLCRZ.

JI

z            o,+iu

x - d !1

.ro-  +   ,,0-
:t;.

•1.2   +   „`2

.'/

.t..2  _  „`2)   _   !.  a|`Ctan

-,1  €  1   >  ('
`,,.9  +  „`2

(+) . ! 3 ; -

1

0

ph(+)-,h(T:rS-,,,2,=-

-_-Ü

SLCZMZ.

'~|   z.2  =  ( .rL  -i   y\)  ( ¢.2  -i  y.2))   =   x\  a:.2 -y\  y.2  :  i(y|  x.2  -y.±  x:|)

=   x\   x.2 ~   y\  y.2 +  i(uL  q=.2 +   y.|  a: |)



i   z|  z2   )    ±   i   @L  e`Si    .   0.2  eso2   i

_-  Q , e -±

ph(zl z.2)  -  #1  +  "2

SLCZDZ.

Let

Z\  = a  +  tb  =  Q\e®3\

Z.,.~~c+td-_n..2e3Z

ZL          a+i,b        c-id           (ac+bd)+i(bc--ad)

Z.2           C+id        c-id

ph(+)

SLCSQR.

Let

91

@.2

-  SL -S.._.

z-x+iy
-  g e€'0

`/=1/ +®.

c2  +  d2

*2  +  yR. - @V &21  +  yf/f2  +  x     .    .     y

llf tl -Jo`

ph(v/?)

SLCZN.

Let

z -- ,x + t y -  Q ei3
Zn   -  2: zn-1 ;

tSji]*^   ``  ^*'-,(: ..--- _--:.                  ?ff:  '.=

A-10
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CALCULATI0N   METHODS

® '-n  -rn + i y'.

Xn--.X.Xn_\-yyn+                   Xo=  \

yn=kyr+\+yxn+                   yo=O

1  zn  )   -   g"

ph(zn)  -„S

SLCZA.

Let

z -- x + i y
-  Q e,3

za   -   1  z  la  €,'ap^(=)

=   |  z  ia  cos(ct, ph(z))  +  ö  |  z  ia  sin(¢  ph(z)).

l   zal-@a

ph(za)  -a, #

POLYNOMIALS

SLPLRC.

Horner   Scheme

SLPLRR.

Horner   Scheme

SLPRRR.

The  coefficients  are  computed  by  multiplying  the   roots  and   summing  up  the
terms  of  the  same  degree.



SLPLYM.

N                        M                         M+N

..:ro a!. #.  *  .Fo b, #`  =    j?o  c. #..

where
C,.=TaAbA       ``-ith       ß+L.=j

®

HIGHER   MATHEMATICAL   FUNCTI0NS

SLKMF.

The  value   is   computed  by  means  of  the   representation

L..[K(x) -= x 1+ (+)2
1.   3   .  5\2

2.4.6

This   series    is   valid   for    |x|<1,   but   speed   of   convergence   decreases   as
lxl  +,.

SLEMF .

The   value   is   computed  by  means  of  the   representation

E,#,-+.7.H+)2+-,'=)2+-(1.3   .5

This   series    is   valid   for    |x|<1,   but   speed   of   convergence   decreases   as
lxl  +,.

SLLAG6.

The   value   Lt:'(x)    is   computed  by  means   of  the   recurrence
relation

Z};¢)(a.)±|        ,       ZJ(,a)(r)±a+|-a..
'

~ ZJ:")(|.)  ±  (2 m  +  o -1  -.r)     Z};"J,(#) -(a  +  m _  i)  . Z;;aJ.: (#).

»£J£`,8 `      '€

A-12
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SLHNF .

The   value   is   computed  by  means  of  the   recurrence   relation

Ho{`r)±\       ,       H\(.r)-_.2.r

Hn(`r)  --.2 .r H „L(.r) -.2(n  -\) Hn_.2(.r)

SLHEN.

The   value   is   computed  by  means   of  the   recurrence   relation

He„(.r)--L      ,      He\(.r)--.r

H e,,(`r)  --.r H  e,„  (.r) ~  (n  -1) H  en_.2(`r)

SLFOUR.

The   following  expression   is  used   for  calculation

F ( I ) -- .\'

K:±\ (-ix COS K X  :  Bx sin K .r)

SLGAMA.

For    x    in    the    range   of   0<  x<1    an   approximating   polynomial   is   used   to
calculate    y   (1+x).   The   associated   error   is   less   than   3   x  lo-7in  absolute
value.   Outside   this   interval   the   following   recurrence   formulae  are  used.

[`(.r  -  \)  -.r  [`(.r)

/'('!   -.}_.)   -(,2  -1   -.1.)  (,Z  -2   -.t.)   .  .  .   (L   -.`.)  /'(1   -.t.)

r ( .x - n ) --
/'(1  -.t,)

.t.  (.,_.  -1 )  . .  .   (r  -„)

SLERF .

An   approximation   series   is   used



2         g2     (-|)na.2n+ierf(&.)---_J---`-"          v,.1   n-0   "!(2"+1)

As

ia:i+co,       :erf|+l.

A  value  of  1   is  returned   for    |erf(x)|    for   |x|>5.

SLBJN.

The  value  is  computed  by  means  of  the  series   representation:

L+.2)1
-nvv        \.2   "|    k==Okl.|`(nLk~l)

•/_n(.l.)    -     (-l)n/n(*,)

Jn-(+.,.)nLE:

SL11¢X.

The   following  approximation   is   used:

/(.„  - „ ( 1  +  n=Fl
`    ,t:   ,--

(„  !)2  (2  7,   T   1)

SLSF.

An   approximation   series   is   used:

r     (-l,n,\=r"
6'(.1.)   -   1`"-0    (2 ,,  +   1)  !  (1,'  -3)

.t.  not >> „

.t.n+3                 for   i.t.;   <   3.5

SLCF.

A  series  approximation   is   used:

C'(.r)  -   -T`
n=O    (2  „)  !  (4 „  +   1)

•?4"              for !.t.l =  3.5

®

®



CALCULATI0N   METHODS

SLCHYF .

The  value   is   computed  by  means  of  the   representation:

M(a,b,.r)=_5P
0      (ö)7i

(,y)'' -
l`(,y  -nl

r(.,/)

Z, ± 0, -1, -2 ,... '

y -- ( , . b

SLGHYP-

The  value   is   computed  by  means  of  the   representation:

F ( a , b ., c ., .r )  __  _T`

/'(y  -,,)
(y\,,--

/'(y)

(C!)n(b)n             .L`n

(c)n                 "!

y-a,1),c

For  a  or  b  a  negative  integer  or  ze,ro,   this  series   reduces  to  a  poly-
nomial   in   x.   The   series   is   not   defined   for   c   a  negative   integer  or  zero
if   a   or   b   is   not   a   negative   integer   or   zero   greater   than   c.   For   a  or  b
negative   integer  or  zero,    |x|   must  be<1   or  <  1   if  c  -a  -b>¢

SLSIF.

Si(x)   is   evaluated   using  the   series  expansion:

``i(.t.)  -   :`
1=0

( -1 )n  .t.'2n +1

(2  '!   -1)  (2  ,,   -1)  !

SLCINF.

Cin(x)   is   evaluated   using  the  series  expansion:

r=      (-l)n.t..2n
C'in(.t.)  --  r`iLL\.i/-n=127Z(2)2)!

SLEIF.

cc.r
E,(`t`, -;,, -ln `r -  J` -

•,=L      72    n    !

where   y    is  the  Euler   constant  0.5772156649...



SLEINF.

E,.n(r) - -  J
„=1

£    (-l)n.t.n

7,  .  73   !

SOLUT10N   0F   EQUATI0NS

SLBAIR.

A   quadratic   factor   of   the   polynomial    is   determined,    then   the   roots   of
this   factor  are   computed.   Let   f(x)   be   the   polynomial,gL(x)and  approx-
imation  to  a  quadratic   factor  of  f(x):

//.t;)  ±  c!n a;.n  -a„ a."  + . . .   + cto

gK(X)  =  d:2 -PK 0: -qK

9K+i(a:)   is   found   by

p K - l -- P K T  J p
with

Jp- bo C3 -bi C8

C.: -C3  (Ci  -bi )

bK  =  bKTipK  +  bKT.2qK  +  CIK

C K  --  C K + i p K  +  C K + `2 q K  +  b K

qK„ -qK +  Jq

Jg-

)

b,(C,  -bi) -bo C.2

c:: -c:,  (cL -b,)

0 =_ K =_ n

C n + i --  C n + .2 --  b n T i --  b n T .2 --  °

The   algorithm   stops   when

1.       k2-`PKTLX-qK+i

E   :   user-defined  tolerance

|Jp|      and      |Jg|<E      issaidtobequadraticfactor,   or

2.   more  than  Z   iterations  are  performed  without  1   being  satisfied

Z   :   user-defined   maximum   number   of   iterations.

SLRBIS.

The  bisection  method   is  also  called  the   interval   halving  method.   Let   [a,b]
be  an  interval   containing  a   root,   c  =  ±±±    is  the  midpoint  of  the
int.erval.                                                                            2
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®

®

®

A   test   is   made   as   to   whether    [a,c]    or   [c,b]   contains  a   root.   There  is  a
root   on   the   interval    [a,b]   if  f(a).f(b)<=  0.   The  process   is   repeated  on
the  appropriate  half  interval.   A  root  has  been  found   if :

f (d)   =  ¢  for  some  end-point  d  of  a  subinterval

Or

|b-a|< E   for  some   tolerance  E.

SLNLIN.

Let   F ,,...,  Fn    be   n   not-necessar`ily-linear`   functions  in
the  n  variables  x ,,...,  x„    The   method  used   is   the  gen-
eralization   to  n-dimensions  of  the   familiar  Newton-
Raphson   method.

Let   x{`) be   the   i±±  approximation   to   the   j±±  component
of  a  r`oot

•t.;.'."  -.t.;.,'+  4.t.,              forj  -,.2 ,...  '"

where   the  4xi are   the   solution  of  the   linear  system:

_FU.t.t['' ,...,.t.;.')±   i``L££i.4.rri              A'±  i ,...,  »
'-1     ö.r'.

L.  -1'   ....  "

and    4E      iscomputed byconsider`ating F   as afunction
ö Xj

) F^.

'  .1`,

of  x   only andusing a5 pointcentral  difference,   i.e. :

-tF^.(.t.,...... `.,   -2  ^ ,...,.t.',)  -8(F^.(.t.,,..... t ..,-  Ä ,.....t.,,,  +

-J`,.( .,.,....,. 1.,  -^ ,..... t.„))   =    FA.(.r ,....,. t .,.-  ±  ^ ......,. „))

where           A=   .OL

A  root  has  been   found   if   for  some   i

Ifv

for  some   tolerance  E.

|` (4.t.;.").2  >   |/E2            the  algorithm  diverges.   Other`-
J

wise,   the  r`outine  halts  after  a  specified  number`  of
iter`ations .



LINEAR   ALGEBRA

SLCRO.

The   linear   system   Ax   =   b   is   solved   in   two   steps.   The   matrix   A   is   first
decomposed    into   a   product   of   an   upper   and   a   lower   triangular   matrix,   U
and  L,   by  Crout's  algorithm  with   row   interchanging,   such  that  A  =  LU.

1n   a   second   step,    the   triangular  system  Ly  =  b  and  Ux  =  y  are  solved  for
the   required  vector  x.

The   inverse   matrix    A-'   is   evaluated   by   solving   LUx   for   the   N   columns   of
the   identity   matrix   as   right-hand   sides.   The   N   solution   vectors   are  the
columns   of      A-'    .    The   determinant   of   A    is   given    (but    for   sign)   by   the

product  of  the   diagonal   elements  of  L.

SLCHO.

The   linear   system   Ax   =   b   is   solved   in   two   steps.   The   matrix   A   is   first
decomposed    into   a   product   of   an   upper   and   a   lower   triangular   matrix,    R
and   R',   by  Cholesky's   algorithm   such   that   A  =  R'R.

1n   a   second   step,    the   triangular   systems   R'y   =   b   and   Rx   =   y   are   solved
for  the   required  vector  x.

The   inverse   matrix    A-'   is   evaluated   by   solving   R'R   x   for   the   N   columns   of
the   identity   matrix   as   right-hand   sides.   The   N   solution   vectors   are  the
columns    of      A-'     .    The    determinant    of   A    is    given    (but    for    sign)   by   the
square  of  the   product  of  the   diagonal   element  of  R.

SLJAC-

The   matrix    equation   Ax   =    Äx   is    solved    by   means    of   the   Jacobi   method.
Through   a   series   of   orthogonal    similarity   transformations   the   original
matrix   A   is   transformed   into   a  matrix  S   in  diagonal   form.   If  the  product
of  these  orthogonal   transformation  matrices   is  called  P,   S   is  given  by

s   =   pTAP

Since   the   eigenvalues   are   preserved   though  an  orthogonal   transformation,
the   elements   of   the   f inal   diagonal   matrix   S   must   be   the   eigenvalues   of
the   original   matrix.
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CALCULATI0N   METHODS

The   matrix   P   has   the   eigenvectors  as   its  columns.   Since  the  off-diagonal
elements   of   S   will   not   in   practice   be   zero,   the   value   of   the   greatest
element  is   related  to  a  user  defined  tolerance.

SLHES.

The    calculation    is    accomplished    in    two    steps.    First    the   matrix   A   is
reduced    to    upper    Hessenberg    form    H   by   means   of   orthogonal    similarity
transformati ons .

H    =   PTAP

ln   a   second   step,   H   is   reduced  to  an   upper  triangular  matrix  U  using  the
QR-algorithm.   Let  Q  be  the  product  of  the  transformation  matrices,   then

u    =   QTHQ

where  the  diagonal   elements   of  U  are  the  eigenvalues  of  A.

For   calculation   of  eigenvectors,   see   SLHEV.

SLHEV.

Having   calculated   the   eigenvalues   of   A  according  to  the  method  described
in   SLHES.,   the   problem   is   to   find  the  matrix  X  which   has  the   eigenvectors
of  A  as   its   columns.   The  matrix  X  must  satisfy  the   relation

XTAX    =    D                                                                                                                  (1)

where   D   is   the   diagonal   matrix  of  the  eignevalues   ^i   of  U   (and   of  A).   the
eigenvectors  of  U  are  the  columns   y  of  Y  where  Y  satisfies  the
relation

yTuy   =   D (2)

The   y±   are   obtained   by  solving   the   linear   homogeneous   system

(u   -Äil)    yi   =   0

which   is   simplified   due   to   the  block  triangular  shape  of  U.   Substituting
wTAW  for   U   in    (2)   gives

yTw` H"Y   --  D

A_19



which,   comparing   with   (1),   gives

X=WY

SLCHA.

The  coefficients  of  the  characteristic  polynomial

p(;.)  -det(11  -;. J)

are   computed   by  Leverrier's  Method

For

c.   -   1 .....  L\.

8. --1(8,+ -p" 1)
p i -- t r ( 8 , ) 1 i

where
Bn - 0,  po -  1

and
\-

tr(B)--)=lbJj

(N   is  the  order  of  the  matrix)

SLJCB.

The  program  used   the   five  point  differencing  scheme  to  evaluate  the  n   x  n
matrix    \'öFi/öxj),   where   F,   is  a   user  supplied   function   and

(bFi                 (bF.(XL.X.2 ,...   3Xj  .....   Xn)

' .t.j )   .1.,.

®

®

CURVE   FITTING   AND   INTERPLOTATION

SLLLSQ.

Let    (xi,yi)    i   =   1,2...N   be   a   given   set   of   data,    which   does   not   exactly
represent  the   underlying   function   f(x).   The   problem   is   to  minimize Ö
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_\-

E   -,.ii  [",.  -gA.(.t.,)].3

where

A.

gK(X)--,=-:+(,jfj(.X) K=_6

is  the  approximating  function  of  f(x)   and  fj(x)   is  a  user-supplied  basis.

:::u:::e:::::::°:h::et::  :i. S]±::tb:o St°h]euts£±°zne °off :::  ::::a:a:::::±:::  ::
most  6  basis   functions  may  be  used.

A  common  method  to  minimize  E   is  to  set  equal   to   zero  the  partial
derivatives  of  E  with   respect  to  parameters  aj.1n  this  way  one  obtains  a
linear   system  of   K  equations   in  the   K  unknowns   a„  a2 ,...  ak

A,

`:i "j (.:j",",)-,i::l"(."

J:'i"(,i¥i/„,/J")-,i`i„/„

•fi,,,(,i`i",-,)-,iilv,,K"
This   system   which   has   a   symmetric   coeff icient   matrix   is   solved   by   the
Crout  algorithm.

When   the   system   is   solved,   it  is  necessary  to  decide  if  the  set  of  found
coefficients  aj,   j   =  1,2„..K  gives  a  good  approximation  to  the  function
f .   A  measure   of  this   is  the  standard  deviation  or  tolerance  o  defined  by

±-1 ,/(.t.,,, 2 - ,i`:l
_\'

A-21
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By  comparing  the  values  of       at  each  step,   it   is  possible  to  evaluate  the
effect   of   the   addition   of   each   new   basis   function.   The   coefficients   a.
are   computed   to   the   index   k,    k   -1,2 ...,   b   or   until    o    is   less  than  thä
specified  tolerance.   1f  the  defined  basis  contains  two  or  more
linearly  dependent  functions,   or  one  or  more  basis   functions  equal   zero,
then   execution   is   terminated   (the   normal   system   is   singular).   The   basis
must   in  this   case  be  changed.

SLNLLS.

The   chosen   method   is   the   Powell   Algorithm   improved   by   Zangwill.   Let
(xi,   yi)a   i   =   1,2 ,... N   be  a   given   set   of  data   points.   The   subroutine
computes  a   least  squares   fit  of  these  data  to  the  model
f  (a„    a2...aK,X)   K<6.      That   is,   let

N
f--.NE±\WTf(a„a.2,...,aK,a.)T2

be   the   function   that   defines   the  difference  squared  of  the  set  of data  to
the   model   f      (a„   a2 ,...,  aK,   X)      ,   one   determines     a~   a4...ak   so   that   the
function   f   is   minimized.     f   (a„  a2...  aK,  X)    is   defined   by  the  user   in   the

:::::::o::o:rn:maasssuFmNeFt`hxe'y.::::5;m:,:z:ä2t;.L:i:e,:::t::o:::::::ization
step:   1et  an   initial   pointp:,apd  n  normalized  directions5:,r  =  1,2...n  be
given.   Calculate  A°n to   minimize

f (pon  +  ,:n t\n,

and  let

p„ - p: + ;.`: €:
„

let   t  =   1   and   commence   iteration   with   K  =   1

Iteration

K .. P=:,`,  Er,  r  ,,_  L, .2 ,..., n

and  t  are  given.

Step   1:   find    a    to   minimize

f (pKn-+:  +  "  ct,
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Update   by

[f a    £  0'   let

1fa=   ®'

Shol'ld   st
the  point

Step   2,   F

f (p;_, -  -'.:
and   defin
KK

P '  -- P r - \
Let
.A-iT_,--(p?

Determi

and   set

Define

1  ± '  <  ''

^'
pf '  --  pKn-+`l  =  u c i .

step   1.

p   1   be   rttpeated   n   times   in   succession   then
p;`,::      is   optimal.

r`   r`   =   i ,..., n   caicuiateAf ,    to   minimi'ze

.=,^')

:_[        to   minimize    /(p,t.  L  ;.f'ri5-t'ti)

-- p: - j.:-' f:-l

€:'-1,.-,,....,t

and  continle  with  next  iteration.

Some   discu

Step    1    pr
each    time
repeating

[
01

sion   of  the  procedure  may  be   in  order.

ceeds   cyclically   through   the   coordinate   directions.   That   is,
we    return    to    step    1    we   use   the   next   coordinate   direction,

C.    after    using   C_.    Every   n   +   1    times   step   1    is   employed   the
1       T'__'        __T-.-J      _n

::::ctcf°o°nTt±ohabtee  uds±erde.Ct,`f°nst.:;  .em:: °:::;atTehde nt ti:::X::  :::ces::::: ±::::

::n:1:::Or:S][ystde±pff.er::t:::::te:hau:tp±:£nat n£esw °:::::] is  generated.   ln  step  2
uthe  proced re  continues  as  in  the  earlier  procedures.   It  is  important

::ve°b:eeernviustehda.tBaoftther£natst::Si:wh£etreera::°:::cka]:fct°h°erd;onuantdepdo£±rnetct±±:n:
minimum)

1ine.   To
nd   in   step   2;    it   is  necessary  to  minimize  the  function  along  a
ind  the  minimum  on  a   line,   the   following  data  must  be  provided:



1.   A  point   on   the   line,   p.

2.   The  direction   of  the   line,  €.

3.   An   upper   bound   to  the   length  of   step   along  the   line,   m.

4.   The   length  of  step  along  the   line,   m/10.

5.   The   accuracy   to   which   the  minimum   is   required,   e.

The    method    of    minimization    must    be    such    as    to    f ind    the    minimum    of   a

quadratic    form,    so    it   is   primarily   based   on   the   quadratic   defined   by
three   function  values.

1nitially   f(p)    and   f(p+q5  )     are   calculated,    and   then   either   f(p-qS  )
or    f (p+2q   5   )     is   evaluated   depending   on    whether    f (p)    is    less   than   or

greater   than   f(p+qg  ).

These   three    function   values   are   now   used    in   the   general   formula   which
predicts    the    turning    value    of    the    quadratic   defined   by   a,    f(p+a  5  ),
b,   f(p+bg),   c  and   f(p+c§  )   to   be   at   (p+d§  ),   where

|        (b2 -c.-)f a +  (C2 -a2)f b +  (a`i~b.2)f cd--.•2           (b-c)f a+  (C-a)f b+  (a-b)f c

lt   is   a   minimum   if :

(b - C) fa +  (C - a) fb -  (a -b) fc
<0

(a -b} (b -c) (c -a)
1f   the   turning   value   is   predicted   to   be   a   maximum,   or   if   the   value   of
d   is  such  that  to  calculate  f(p+d5  )   a  step  greater  than  m  must.  be  taken,
the    maximum    allowed    step    is    taken    in    the    direction   of   decreasing   f ,
and   the   function   value   at   the   point   which   is   furthest   from   (p+d§  )   is
discarded,   so   that  the  prediction  may  be   repeated.   Otherwise  d  is  com-
pared    with    a,    b   and   c,    if   it    is   within   the   required   accuracy   of   one
of  them,   that  point   is  chosen  as  the  minimum.1f  not,   f(p+d§  )   is   cal-
culated   so   that   tbe   quadratic   prediction   may   be   repeated;   the   function
value   which   is   discarded   out  of   f(p-a §  ),   f(p+b€  )   and   f(p+c§-)   is   norm-
ally    the    greatest,    but    only    if    rejecting    a    smaller   one   cannot   yield
a   definite   bracket   on   a  minimum,   which   would   not   be   otherwise  obtained.
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CALCULATI0N   METHODS

SLFSYT.

The    Forsythe    polynomials    are    a    set    of    orthogonal    polynomials    over    a
discrete   set   of   N   weighted   data   points   (Xi,Yi,Wi)   1<i<N.   The   algorithm
for  generating  these  polynomials   is  as  follows

P-l(.t.)  -0

P"(.`.)  -   1

p,(.,.)  --t.r -t-,)  P"(.`.)

P.2(.t.)   -(JL.  -t-.±)   P1(.t.)  -''1 Po(.t.)

Pm(.t.)  -(.r -['",) Pm_,(.l.)  -Tr" P"-.J(.t.)

where

.\`

i±i  .t., [P„ ,--, (.r,. ,]2  !`.,

'n  -                   Dm-\

_\'

i:i 1.,  P„, -, (a., )  P", -.!(.t.,,,,.,.
L\.m-L  -

D'n-.._

lv
Dm  -i=l  [Pm,.t`,,]2  z,.'

The   aim    is   to   approximate   the   function   f (x)   by   a   linear   combination   of
the  polynomials   i.e.

.,,

y(r)  -   mi_::o(,". P".(.r)

y(x)   is  the  desired  approximation.   The  coefficients  are  given  by:

_\'

t::1,,.,,J,P",(xJ

D"

It  is  possible  to  rewrite  the  equation  in  terms  of  x  as  follows:
_\,                                                                      _\,          _\,

y(.r)--m:±_o(LniPN.(r)±K:=oCK.|K

wher.e

_+1                      .,1

c-K  -   ;-±,,  an.  d';



and

Ok<O    ,    or    k>m

1  k -- m

umbmk-\  -vm_\ti:-r             n  z_ k  <  nb

The  standard  deviation   is  given  by

(':i":)-LflaiD„
jv

i=rlw.(.r..)

Ifqhbecomes   less   than  a  specified   tolerance     or
|qn.,-OL|<1Cr.then   the   r`outine   terminates.

The   subroutine   computes   the   coefficients   Ck.

This   polynomial   may   then   be   evaluated   using   SLPLRR.

SLFTRP.

If  a  function   f(x)   is  defined  at  a  set  of  2N  equally  spaced  points:

a,o '  .t.o  +  Ä, .co  +  2 ß ,...

The  transformation:

•,-(+)"   whe-"-(

gives   the   unit   spacing   and   an   approximation   to   the   function   is  given  by
the  sum  of  the   first  M  harmonics  of  the  Fourier  expansion:

CLo

fM(9)_-f
where

+m¥L(om"s+mmmsin+my)

O<M<N-1      for  an   even   number  of  observations  and

O<M< N          for  an  odd   number  of  observations.

The    user    enters    the   maximum   number   of   harmonics   to   be   computed   and   the
tolerance  used  to  control  the  least  squares  error.   The  a  and  b  coeffi-
cients    are    calculated    using    Goertzel's    algorithm.     1t    is   necessary   to
distinguish  between  two  cases:

OLINUM    (NUMERICAL
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CALCIILATI0N   METHODS

1.   Odd   number   of   observations   (2N+1)

Let:

Co-1

C,,  -  c.os
2.T

CK+\ =  CicK -Si SK

(Law   of   cosines)i

S ` , -- 0

`S'l  -  sin
2.1

S K + , --  C , S K  :  S , C K

(Law  of   sines)

The   routine  calculates:

L' .l-+ +.2  --   L: .2_` -l  -  0

1: ,n  ±  f(m)  -.2 C.1{  C nH -t` iii -.2

-  2 -\',  2 -\- -  1 ,...,  1

then :

2

2 1V  +  1

2
bK--

2 1\'  L  '1

[/(0)  +  C'Ä,  t'l  -C':]
r

`SA.   t'1 K  --  0 , \ ,.... _X

2.   Even   number   of   observations  (2N)

® Let:

C'o  -   1

.TcL--CuT

CK_i =  C,CK -S\SK

(Law   of   cosines)

b'" - 0

's, - sill i
_Y

S K + \ --  C \ S K  +  S i C K

(Law  of   sines)

The   routine  calculates:

l-.L:N  -  C:.2"' --0

U ,n  =  f tm]  _  .2 C X t: m_\  _  L: m_.2

m  -2 -\--1. 2 +\' -2 ,...,  1

A-27



then:

1
aK = ir u(o)  + oK cr, _ ['.3]

1
bK--isKU,           K=O,l ,..., +N

The    least    squares    errorlEw  is   computed   for   each   M,    where   O<M<N-1    for
an   even  number   of  observations  and  O<M<N   for  an  odd   number  of  observa-
tions.    Using   only   terms   up   to   M,    the   least   squares   error   or   standard
deviation   is  given  by:

E»±+`#+LY[i+„£T`L(Oi+b:)]

By  observing  the  behaviour  of  E     as  M  increases   it   is  possible  to  esti-
mate  the  necessity  of  taking  adEitional   terms  in  the  Fourier  expansion.
The    coefficients    are    computed    to    order    M    or    until   the   least   squares
error  is  less  than  the  given  tolerance.

SLFOU1.   may  then  be   used   for   interpolation   using  the   found  coefficients.

SLFOul .

Given   the   coefficients   of   the   Fourier  expansion  approximating  a  function
(see    SLFTRP.),     this    expansion    is    evaluated    for   a    given    argument.    The
argument   may   be   entered   in   radians,   degrees,   original   units  or  with  unit
spacing.    The    relationship    between    the    various    scales    may    be    seen    as
follows:

1.   Odd   number   (2N+1)   of   observations   over   (g,27r)

oriqinal   scale:

J.
:t:Ü            .Co+^             ffo+2h          ffu+3ß                                                 a?o+2iv^

•'/    '`)
12

#o  +  (2 jv  +  1) b

where   h  =  space  between  the  observations   (see
SLFTRP)

unit  spacing:

2 1V  +   1

radians :

OL"UM    (NUMER1

2  7T                                          47,

2LV+1                 2iv+l 2 1V  +  1
27,
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7          CALCULATI0N   METHODS

degrees :

360                             2(360)

21V+1                  2|V+l

„1.)

®

2N  .  360

2 JV.V  +  1

2.   Even   number   (2N)   of   observations   over   (O,2m)

original   scale:

360

•ro -h          ,r`,-.2h

unit  spacing:

12

•t.,,  +  (2 J\' -1 ) b      .t,o  +  21V  .  ß

2LV-1              2LV

radians :

.1                 2.1

+\r                 _\,

degrees :

( 2 1V -  1 ) .1

JV
2JT

360                    2(360)

•®_  N                           .®_  N

SLPLYF .

Let

P(.t.)  =  an+ .`'"[  +  (tn_.2 .`.n-2  +   ...-  a,  .t.  L  tJu (1)

The   Lagrange   interpolating   polynomial   p   (x)   is   the
following:

p(.r)  -
(.t.  -.t..2)  (.t.  -.t..,)   .   .   .   (.r  -.t`n)

(.t.l  -.r.2)  (*.1  -.t.3)   .   .   .   (.t.l  -.t,„ )

(.t.  -.T.2)  (.T  -.Y:})   .      .   (.r  -.t.n)

(.t..2  -.t., )  (.t..2  -.t..,)   .   .   .   (.t,.2  -.t'„ )

(.t.  ~  &`] )  (.L.  -.t..2)   (Z;  -.rn _1 )

(.rn  -.t.i)  (.t.n  -.r2)  .   .   .  (.t.n  -.t.ii-i)

•yl

•   .'/.J

•„"                     (2)

( 2 L\' - 1 ) 360

2+V
360



Each   term   on   the   right-hand   side   of   equation   (2)   can   be   expanded   in   a
recursive   manner    into   a   polynomial   of   degree   (n-1)    in   the   same   form   as
equation   (1).   If  one  defines:

Ai --  f i  ,  (@i -_o,i)
j-,'
j±i

the  i-th  term  on  the   right-hand  side  of  equation   (2)   becomes:

n

E [!\ (k -. x j)1 .  u i
J' ±  ,`

4.
Let

n

[!\(X -Xj)  = b+ rurn+  + bi, rL_.2Xn*  +  .  .  .   + bnu  + bio
±,'

these     bij     can     be     computed     in    a     recursive    fashion    by    successively
multiplying  one  or  more  terms.   In  particular,   suppose  for  simplicity
i  >k+1   and   1 <  K+1 < n,   then:

Bni   =   8.-2  =    .  .  .    =   Bkü  =   ¢i    R   .... Bi  .  Bo

are  the  coefficients  of
K

8--!-1_1(x-xj)
j±i,

which   is  the  product  of  the  first  K-factors  of
A.

f-!l (r - r j)
' ±  !`

When   8   is   multiplied   by   the   factor   (x   -    xK+t    ),   a   new  polynomial   8'   with
the  following  coefficients  is  obtained:

B'n_,  =  0

B'n_®-  -  0

B'K+, -BK

B'H--BK_\~kK+\BK

B'K_L--Bx_.2-XK„BK_L

•8',--8o~XKTi8i

A-30 OLINUM    (NUMERICAL   ANALYSIS)    USER   6UIDE
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CALCULATI0NSS##:ßffi8**ffi#ffi,

8'`` --.IK-, 8"

In   this   way,   each   term   in   equation    (2)    is   expanded   and  the   coefficients
gathered

-'E'1:i"        o=,.=„-l.

This    polynomial    may    then    be    evaluated    using    SLPLRR.,     remembering    that
evaluation   is  strictly  valid  only   in  the   interval   defined  by  the  n  base
points,   x"  ..., x„

SLCSPC.

:::::a,t'henostetev::|;a::a::ä',y,t'heia=im''i:,t;.'fNin:h:::ih:erxpio|Paotionrtysc:::;sln
f±(x),   defined   on  (x„  x„i)  :

/,.(,t.)  =  (,,(.t. _ .t.,)3  +  b,(.t.  _ ;t',.)2  +  c,(.t.  -.t.,)  +  dz

where     the     f.`s     satisfy     given     "smoothness"     conditions.     Then     it     is
necessary    to]calculate    4    (N-1)    coefficients          A,,    8„    C„    D,

i   =   ,,2 ,..., (N-1).

The   function   f (x)   on   the   entire  interval   x,
f±(x)   satisfying  the  conditions:

-exact-fit   condition   :     fi(xj)   =  y:

consists  of  the  functions

-continuity   condition   :      f+`(xi)     =   yi+,

-first.  derivative   (slope)   of   f .(^)   and  S+,(x)  agree  at    x;+,
1

-2nd   derivative   (curvature)   of   f.(x)   andfw(x)are  at  xi„.
1

At  the  end  points,   it   is  necessary  to  specify  the  2nd  derivative  only.

The  method   used   to   determine  these   coefficients   is   due   to  Akima.

The   cubic   spline   may   be   evaluated   using   SLCSPI.



SLCspl-

For   discussion  of  how   to   generate   the   interpolatory  cubics   see  SLCSPC.

SLPADE .

The   degree   of    both    the   numerator   and   denominator   are   specified   by   the
calling    program   and   must   be    less    than    lß.    Given   a    function   f(x),    the

::::±:e=f±xnod:,:h°:¥:°::a£]sstphme(X:e:::r°n;:)tsh°et]r:fer#}(ma:::°:£:::::ef{::
degree  of   respective   polynomials).

The  conditions  used  to  determine  the  coefficients  are  that  the  two   func-
tions      8:i±+   and   f(x)   agree  at  x®and   so  do  the  first   (m+n)   derivatives.

The   coefficients   of  the  Taylor  series  expansion  of  f(x)   centered  at„`®
will   be   used   to   find   Pm(x)  and    Qn(x)  .   Since   the   polynomials   depend   only   on
the  Taylor  Series  coefficients  and  not  directly  on   the  value  x®  ,   a  change
of   variable   makingxo=  @will   have   the   effect  that  the  a's   and  the  b's   may
be   computed  directly  from  the  coefficients.

E£

With   the  necessary  assumptions   of   convergence,   let      ,=roc,(.r-#o)J

be  the  Taylor  series   expansion   for   f(x):
m

Pm(|.)   ±  a)o  -a},  .€  +  a.2 a.2  +   .   .   .   +  C|m .t;`"'  ±  ,=T`o  a,. t.J

and
„

On  (1`)  ±  Öo  +   b[ 1.  +  b2 .t;2  +   .   .   .   +  b„  a:n   ±  ,.±.o b,. #J

so  that

P„,(.t.)

i'T'T
JC)

.  approximates   ,:; c, #'. near ¢ ±  0

Pn(x-xo)          ___                          ..,,, __.           ?
will   appr`oximate   ,/.(.t.)  ±  ,±`oc,.(r -ru)'  near #  ± J:o

Q"(.x -1,,)

Since    it   is   possible   to   divide   both   P   and   Q   by   a   common   factor,    assume
that  they  have   no   common   factor   and   also  that   bo   =  1.   To  approximate

CC

`=T`o c'.  .t.J    b.`-

consider

Pm (`r )
-,`J,.(„ ne-# -0,

®
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c.                   P ",(x)
E(.t .,-, =o c, .t.,--.

O"(.t,)

and  choose  the  a's  and  b's  so  that  E(x)   and  its  first  several   derivatives
are   equal    to   zero   at   x   =   0.   There   are    (m+n+1)   unknown   a's   and   b's;   thus
the  first   (m+n)   derivates  of  E(x)   can  be

.            p„      (,j.cJJ,)(,i;b,.t.,)-
E(.r)  =   ]=oC] XJ  -TTT:\

O„(.t.) n

)=obj.r,

made   equal   to   zero.
',1

:`oa,..t.,

® X,,n

=; ^.:-o cJ -`. bl. .t.'  -  `.:ro `,j ."

n

:; b` .t.'

=ro ^.:`o  (C,._i. bA.  -({, ) .t.'   -  ,:„ [  A.±`o C, _i. b[. Ü

n

:`o öJ rj

Since   the  numerator  and  denominator  are  assumed   to   have   no  common   factor,
the   vanishing   of   the   first   (m+n)   derivatives   of   E(x)   at   0   is  equivalent
to  the  vanishing  of  the  first   (m+n+1)   terms  of  the  numerator:

H±±o(Cj-KbK-a])=O          £or   oz_jz_m                             (|)

K_T`__oCj_K   bK--0                        £Or   m-L<_j<_m-n         (2)

The   set   (2)   of   n   equations   may  be   solved   for   the  n   unknown  b's.   Then   the
set   (1)   of  equations  can  be  used   to   compute  the  a's:

a )  --   K== o  C ] - K   b K

The   accuracy   of   the   approximation   improves   as   the   sum   of   the  degrees   of
the    numerator    and    denominator    increases.    Also   the   best   approximations
occur   when   the  degrees  of  the  numerator  and  denominator  are  nearly  equal.

The   user   may   supply   either   the  Taylor  coeff icients  or  the  derivatives  at
the  centre  of  the  interval.   In  the  latter  case,   the  routine  calculates
the  corresponding  Taylor  coefficients.

The   polynomials   may   be   evaluated   using   SLPLRR.   with   argument   x  -x® .



NUMERICAL   INTEGRATI0N   AND   DIFFERENTIAT10N

SLITEQ.

A  Newton-Cotes   interpolatory  method   for   orders  1   to  s   is  used.   An  order  p
quadrature   fits   a   polynomial   of   degree  p  to  p+1   points  of  the  data  base.
This   polynomial   is   then   integrated.   The   formulae   for   each  quadrature  and
truncation   error  term  are  given  below.

h"8

2         _-                  -_      --                   12

P=1 t   f (x) du --:= (f € + f t_.) -:=f '2'(€)

P=2/:.`_2fl+)d.t.±+(U4",_2)-j;/(4W)

P__8r::tx„h__ihTU+8fH+8f+2Tf._`]

P-_i
4.5

81ti f„' (E'

80

'q,.                              .2h`  f (.i) th --=;= (7 f ,  + 8.2 f „ +  \.2 f ._.2 + 8.2 f ¢-.3 + ] f i_i)~
•    ci_1

8-ri lti f¢'(€)

P -- -o

P=6

A-34

r i - \ =- E =- x t

x i - .2 =-  E  =- ." i

a , i - 3 =-  E  =- x s

= i - + e =  E  <- x ,

.-)^•  M:) dk --:;;= (19 f . + 75 f „ +  50 f._.2 + 5. f ._8 + -i-o f„ + \9 f._-.)-

x i - 6 =- 5  -= .x ,

•J.:    '                                        h`   f (n rl.r  =  += (+\ f ,  -2löf._\ +  .2T f._.2 -.27.2f ,_o  +  .2] f._i +  .216f ,_-. +  ±1 f._6)-

r,-6

9

iRÄ9/`8'(¢-)
x i - c, =- € =- r i
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i Sffiffi

P=7
~J' i   f (.x, dx  -

a._.2-,

+  T F)L f l-T) -

7A

17280

8183

518400

(]öL fi  +  857] fi_.2 +  2989fi_.+  .2989 f._i +  \8.28firi +  8ö]1 fi_6+

H9 f `8, (€ ) x i - 1  Z-  E  =- a , £

P±8.|`:Nwr--T=(989f+5888f_.-9.28fL2""6fm-4540f+
u   J`,-8

+  \0+96 f _-.  -9:-)8 f ,_6 ~  5888 f i+ -989 f i_s)  -a h" f "6'(E) x ` - R =-  €  =- .X `

SLDTEQ.

Let    (xi,    yi)    i    =    1 ,..., N,    N  >6,    be   the   data   table.    For   each   point,    4
other    points    in    the    neighbourhood    are   selected.    A   5   point   difference
formula   is  used   for  both  the  first  and  second  derivative.

Forwarrl.   Difference                           (F6r   i   =   1   and   2)

1

f'  t.n = T* E-.25fm -±8f(.X. + h) -36f(.X. -.2 h) T  L6ftx,  ~ 8 h| -3f(k. + 4 h||

fT   (truncation  error)   is  proportional   to.hl/töJ(€)

.r . z~ €  z_ x t T  + h

1

/"(.t.i)  ±  i3jT  [35/(.1..) -101/(.t..  +  Ä)  -ll1/(.t.,  -2 Ä) -56/(.t',  +  3 h)  +  i i/(.i.,  +  i "

fT  (tr`uncation   error)   is   propor`tional   to  /}3/t.5)(t-)

Central  Difference

.r . L±  5  <_ .r .  -  1 h

(For   i   =   3 ,..., N-2)

1

f '(.r.)  --+iT r_f (-r, -.2 h) -8 f (.r. -h)  ~-8 f (x. L h) -f (`r. -`2 h)i

€r:tr`uncation   error`)   is   propor`tiona|   to ß1/t5)(€)

a : L - .2 h <_  €  <_ T t  +  `2 h

1

f ''m --=ri T-f h-.2 h\ -\6f h -h\ -3t.f m  -16f l.r..-1n -f(x. + .2 h)|
t`T  (tr`uncation   error)    is   pr`oport.ional   to h3/töJ(5)

.r , - .2 h -± 5  -± .r \ + '.2 h

®



Backwar`d   Differ`ence                         (For   i   =   N-l,N)

1

f ' (r.)  --TiT Ls f (a:. -4 h) -16 f (X. -8 h) + 86 f (a;. -2 h) -48 f (x. -h\ + .25 M:.)|
fr  (tr`uncation   error)   is  propor`tional   to h4/(5J(£)

x t - i h =- E =- x {

1

/"(.t.i)  ± i3ir [ll/(.t.4 -4) -56/(a.. -3 h)  +  111/(#. -2 Ä) -i(ii/(.t., _ fi)  +  35/(.r,)]

fT  (truncation   er`r`or`)    is   pr`opor`tional .to  b3/t5l(€)

•r , - 1 h = f =- x i

These    formulae   are   exact   for   polynomials   of   degree    less   than   or   equal
to4.

SLDIFF.

The   first   and   second   derivatives   are   computed   using   a   5  point  central
difference   formula.

1

f ' (`ru)  -- TiT Ef (.Xu -.2 h) -8 f (X`, -h) L s f (xu - h) -f (xo - 2 h)|

€P  `truncation  erroi`)   is  proportionai   to ^]/5(€)

x u - .2 h L±  E  <_ x u - 2 h

and

1

f " (rti)  -- Tiii r.-f (Xu -.2 h)  +  L6 (f (ro -h) + f (.ro T h)| -30 f (xu) -f (.ro T .2 h)|

fr  (truncation   err`or)   is  propor`tional   to^3/ö(€)

r „ - C ). h <_  5  <_ r o + .9. h

The   increment   h   is   set   by   the   user   and   the   following  will   give  accurate
results:

h>¢.¢¢5  to  evaluate  the  lst  derivative  only
h>g.%   (minumum)   to   evaluate  both   derivatives.

SLROMB.

Romberg  quadrature   is  a   combination  of  the  composite  trapezoidal   rule   for
successively   smaller  mesh  size  and  a   Richardson  type  extrapolation.

0
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A  triangular   scheme   is  generated

r:       r:      r:      r:...

T:,          T..:,          T?....

r!       r,;..

The  first  row  is  the  result  of  the  composite  trapezoidal   rule  for
successively   finer  meshes   (i.e.   more   subdivisions).   The   other   elements   of
the    scheme    are    the    result    of    €.xtrapolating    the    two    entries    directly
above.   In   particular,

T';=
t'-l T`Ik_+`„  -T':lt

4J-l - 1
I  -  .2, 3'  . .

Ä,  -   1'  2,   .  :

The   scheme   is   computed   from   the   left   hand   corner   downwards.    The   process
stops   if ,   for  some   k

1.     T.LkH - TLk  <  E

for   some   toler`ance   E,   or

2 .   T\„ -T`k/TLkT\  <  E

0therwise,   the   program   halts   after   a  specified  number  of   lines  have  been
ca l cu l ated .

SLGAUS .

Let

be   the   integral    to   be   evaluated   by   an   order   n   quadrature.   A   transfor-
mation  of  variables   is  performed

B-_i          B+A
22

that   is,   a   weighted  sum  of   function   values  at  the   zero  €,  of  the  Legendre

A-37



polynomials   Pn(x)   of   order  n,   with   weights

2
T'.z  -

(1  -€!)  [Pn(€`.)]'2

The   zeros   and   weights   are   stored   on   the   external    sequential   data   file
WEIGH1.

SLLAGU.

For  an  order  n   quadrature
`X

e-=f(X)d.X--Ln_=\WJ(E2)
`,`"

and

!:--,f\w:f(E,,
where

wr:  --  e-¢, „

i.e.,    a   weighted   sum   of   function   values   at   the   zeros   gt   of  the   Laguerre
polynomials   L   (x)   of   degreee   n   and   with   weights,

-L(,a -1) !]2

Ln(€t)  Ln_,(Ei)

The   zeros    §[    and   weights   w.   and  w'.   are   stored   on   the   external   data   file
11

WE16H2 .

0

®

®

ORD"ARY   DIFFERENTIAL   EQUATI0NS

SLEROM.

An  Nrth   order  equation   can  be   rewritten  as  a   system  of  N   first  order
ord/'iiary  differential   equations  by  using  the  substitution:

/.,,

y 1 =  y '  U .2 -- T ,..., y x - ` --
dN-.2  iy                           dN-1

y+_-
d.rx-2       V               dxN-i

This   transformation   is  automatically  performed  by  the   routine.   The

OLINUM    (NUMER ALYSIS)   USER   6UID
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following   algorithm   can   then   be   used   for   either   a   system   of  first  order
equations   or  a   single,   higher   order  equation.   The   case  of  one  equation
on  [x,,    xt+,]  is   described,    i.e.

y'-f (.r,y)        ..       ,yu--y(.ru)

The     modified     Euler    or    improved    polygon    method    is    used    as    a    quickly
computed   first  approximation  using  step   size   h  =  x,+,-xi

y,-;--yi  -h f (xi  = h,,.l,  -yi"2)

A

i, , - 1  .2 .--  !, i +  T f (.r .-,,, )

The   step   from   x.    to    x,.,     is   taken   using   successively   smaller   step   sizes
i.e.    h,   r/2,   r/.,]h/6 ,...       An  extrapolation  to  zero  step  size   is  performed
at  each  stage  yielding  the  triangular  array:

J"J

•1'.o               J"

-1„            -1„            J.'.'

where

-1-,-.,,(t.,-.+)

_+,„-L  -
±-, +„ -J„ ,-,,,

2p+„  -  1

-   0.   1 ....

-  1),  1 ,....,,,-  1

where   p   =   order   of   the   method   used   to   compute  Am,o.    1n   this   case   p   =   2.
The   doubling   and   halving   of   the   step   size   is   decided   by   the   measure   of
convergence  of  this  extrapolation  to  a   solution.

14,"" -4„ 1  / 1 d„ 1

is  the  measure.   1f  this  term   is   larger  than  a  pre-assigned  tolerance,   the
step   size   is   halved  and  the  step   is   repeated.   1f  this  term  is  smaller
than   the   tolerance   by   a   factor   of   .¢1    sufficiently   often,    the  step  size
is   doubled.   At   most   six   lines   of  the  triangular  array  are  generated.   The
toler``.nce   and   the   maximum   number   of   halvings   are   function   parameters.
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8. SUBROUTINES AND  RELATED TEST
PROGRAMS

®



AB0UT   THIS   CHAPTER

This   chapter   contains  a   table  of  the  Subroutines  and  their   related  Test
Programs.

CONTENTS

SUBROUTINES    AND    RELATED                         8-1

TEST    PROGRAMS
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SUBROUT"ES   ANI)   RELATED   TEST   PROGRAMS

NAME ADDRESS TEST    PROGRAM

SLCONN.

SLPRIM.

SLEUCL .

S LRFCO .

SLSUCO.

SLCFCO.

SLFACT .

SLBINO .

SLMULT .

SLDUPL.

SLATN2 .

SLCONV.

SLRPCC .

SLPRCC.

SLCSIN.

SLCCOS.

SLCTAN .

SLCASN.

SLCACS .

SLCATN.

SLCLN.

SLCEXP.

SLCRZ-

S LCZMZ .

SLCZDZ .

SLCSQR.

SLCZN.

S LC ZA .

SLPLRC .

SLPL RR .

SLPRRR .

SLPLYM.

SLPLYD .

SLPTRA.

SL KMF .

SL E MF .

SLLAGG .

SLHNF .

SLHEN.

SLFOUR .

SL GAMA .

SLERF .

SLBJN.

3¢4¢1
3%01
3¢8¢1
31¢01

312¢1

31401

316¢1

31801

32¢¢1
32201

32401
32601

328¢1

33¢¢1

332¢1

334¢1
336¢1

33891
34¢¢1
342¢1

34401
346¢1

34801

35¢¢1
352¢1
354¢1
356¢1

358¢1

36¢01
36201

36401
366¢1

368¢1

37001
372¢1
37401
376¢1
37801
38001

38201
38401
38601

388¢1

SLCONN

SLPRIM

SLEUCL

SLRFC0

SLSUC0

SLCFC0

SLFACT

SLBIN0

SLMULT

SLDUPL

SLATN2

SLCONV

SLRPCC

SLPRCC

SLCSIN

SLCCOS

SLCATN

SLCASN

SLCACS

SLCATN

SLCLN

SLCEXP

SLCRZ

SLCZMZ

SLCZDZ

SLCSQR

SLCZN

SLCZA

SLPLRC

SLPLRR

SLPRRR

SLPLYM

SLPLYD

SLPTRA

SLKMF

SLEMF

SLLAGG

SLHNF

SLHEN

SLFOUR`

SLGAMA

SLERF

BJN



NAME ADDRESS TEST    PROGRAM

SL 11 ¢X .

SLSF .

SLCF.

SLCHYF.

SLGHYP.

SLSIF .

SLCINF.

SLEIF.

SLEINF .

SL BA I R .

SLRBIS.

SLNLIN.

SLCRO .

S LCHO .

SLJAC .

SLHES.

SLHEV.

S LCHA .

SLJCB .

SLLLSQ-

SLNLLS .

SLFSYT .

SLFTRP .

SLFOU1.

SLPLYF .

SLCSPC.

SLCSPI .

S LPA DE .

SLITEQ.

SLDTEQ.

SLDIFF .

SLROMB.

SLGAUS.

S LLAGU .

SLEROM

39¢¢1

392¢1

394¢1
396¢1

398¢1

40001
40201
40401
47001
40601

408¢1
41001

41201

41401

41601

41 801

46001
42201

42401

42601

464¢1
43ß01

43201

43401

436¢1

43801

44001
44201

44401
44601
44801
45¢01
45201

45401
456¢1
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NOTICE

1ng.    C.    0livetti   &   C.    S.p.A.    reserves   the   right   to   make   improvements   in
the  product  described   in  this  manual   at  any  time  and  without  notice.

This   material   was   prepared   for   the   benefit   of   Olivetti   customers.   It   is
recommended  that  the   package  be   test   run   before  actual   use.

Anything    in    the    standard    form    of    the    Olivetti    Sales   Contract   to   the
contrary    not    withstanding,    all    software   being    licensed   to   Customer    is
licensed     "as     is".     THERE     ARE     N0    WARRANTIES    EXPRESS    0R    IMPLIED    INCLUDING

WITHOUT      LIMITAT10N      THE       IMPLIED      WARRANTY      0F      FITNESS      FOR      PURPOSE      AND

0LIVETTI     SHALL    NOT    BE     LIABLE    FOR    ANY    DIRECT,     INDIRECT,     CONSEQUENTIAL    0R

INCIDENTAL    DAMAGES    IN    CONNECT10N    WITH    SUCH    SOFTWARE.

The   enclosed   programs   are   protected   by  Copyright  and  may  be   used  only  by
the    Customer.     Copying    for    use    by    third    parties    without    the    express
written  consent  of  Olivetti   is  prohibited.
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